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Advanced topics in gauge theory:
mathematics and physics of Higgs bundles
Laura P. Schaposnik
Abstract. These notes have been prepared as reading material for the mini-course
given by the author at the 2019 Graduate Summer School at Park City Mathematics
Institute - Institute for Advanced Study. We begin by introducing Higgs bundles
and their main properties (Lecture 1), and then we discuss the Hitchin fibration
and its different uses (Lecture 2). The second half of the course is dedicated
to studying different types of subspaces (branes) of the moduli space of complex
Higgs bundles, their appearances in terms of flat connections and representations
(Lecture 3), as well as correspondences between them (Lecture 4).
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1. Introduction
Higgs bundles provide a unifying structure for diverse branches of mathemat-
ics and physics. The Dolbeault Moduli space of GC-Higgs bundles MGC has a
hyperkähler structure, and through different complex structures it can be under-
stood as different moduli spaces:
• Via the non-abelian Hodge correspondence the moduli space is diffeo-
morphic as a real manifold to the de Rham moduli space of flat connections
[36, 41, 60, 95, 100].
• Via the Riemann-Hilbert correspondence there is an analytic correspon-
dence between the de Rham moduli space and the Betti moduli space of
surface group representations.
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2 Mathematics and physics of Higgs bundles
Through these correspondances, Higgs bundles manifest as both flat connections
and representations, fundamental objects which are ubiquitous in contemporary
mathematics, and closely related to theoretical physics. Some examples are:
• Through the Hitchin fibration, MGC gives examples of hyperkähler mani-
folds which are integrable systems [61], leading to remarkable applications
in physics, for instance in the works of Gukov, Hitchin, Donagi, Pantev,
and Witten (e.g., see [37, 38, 40, 54, 55, 63, 103]).
• Hausel-Thaddeus [58] related Higgs bundles to mirror symmetry, and with
Donagi-Pantev [40], presented MGC as a fundamental example of mirror
symmetry for Calabi-Yau manifolds, whose geometry and topology con-
tinues to be studied.
• Kapustin-Witten [69] used Higgs bundles to obtain a physical derivation
of the geometric Langlands correspondence through mirror symmetry. Soon
after, Ngô found Higgs bundles key ingredients when proving the funda-
mental lemma in [79].
In these Lecture Notes we will focus on Higgs bundles and their moduli spaces,
by considering three main aspects of the theory:
• The Hitchin fibration. We shall review the Hitchin fibration as a tool to
understand Higgs bundles, and describe the abelianization introduced by
Hitchin in [61], and the nonabelianization appearing for certain subspaces
of Higgs bundles as in [64].
• Construction of branes. We shall construct and study families of branes
in the moduli space of Higgs bundles. In particular, branes are obtained
by imposing different structures on the Riemann surface and the gauge
group. We shall also consider geometric structures appearing through
branes, among which are for example the spaces of hyperpolygons.
• Correspondences. Finally, we will also consider correspondences between
Higgs bundles and between branes, in relation to different areas of maths
and physics: e.g., mirror symmetry, correspondences arising through group
automorphisms, and 3-manifolds.
For a longer introduction to spectral data for Higgs bundles the reader may
refer to the lecture notes in [93] and [89]. Other references shall be mentioned
across this Lecture Notes.
Bibliography. We shall highlight the main references considered, as well as the
precise places where the methods used were developed. Since it proves to be very
difficult to give a comprehensive and exhaustive account of research in tangential
areas, we restrain ourselves to mentioning related work only when it directly in-
volves methods mentioned in the lectures. The reader should refer to references
within the bibliography for further information (e.g., see references in [7, 83, 89]).
Laura P. Schaposnik 3
2. The geometry of the moduli space of Higgs bundles
Proof is the end product of a long interaction between creative imagination and
critical reasoning. Without proof the program remains incomplete, but without
the imaginative input it never gets started.
Sir Michael Atiyah
We shall dedicate this first chapter to review the basic concepts of Higgs bun-
dles and some of their generalizations to principal GC-Higgs bundles, real Higgs
bundles, parabolic Higgs bundles and wild Higgs bundles (for more details refer
to [36, 41, 60, 61, 80, 95, 96]).
2.1. Higgs bundles for complex groups. Unless specified otherwise, we shall let
Σ be a compact Riemann surface of genus g > 2 with canonical bundle K = T∗Σ.
Definition 2.1. A Higgs bundle is a pair (E,Φ) for E a holomorphic vector bundle
on Σ, and the Higgs field Φ ∈ H0(Σ, End(E)⊗K).
Along these notes, we shall refer to classical Higgs bundles as the above Higgs
bundles in Definition 2.1. Recall that holomorphic vector bundles E on Σ are
topologically classified by their rank rk(E) and their degree deg(E), though which
one may define their slope as
µ(E) := deg(E)/rk(E).
Then, a vector bundle E is stable (or semi-stable) if for any proper, non-zero sub-
bundle F ⊂ E one has µ(F) < µ(E) (or µ(F) 6 µ(E)). It is polystable if it is a direct
sum of stable bundles whose slope is µ(E). The moduli space of stable bundles of
fixed degree d and rank n is an algebraic varietyN(n,d) which can be constructed
via Mumford’s Geometric Invariant Theory. Moreover, for coprime n and d, the
space is a smooth projective algebraic variety of dimension n2(g− 1) + 1.
Example 2.2. Since line bundles are stable, the space N(1,d) contains all line
bundles of degree d, and is isomorphic to the Jacobian variety Jacd(Σ), an abelian
variety of dimension g.
Generalising the stability condition of vector bundles to Higgs bundles, we
shall consider the following:
Definition 2.3. A vector subbundle F of E for which Φ(F) ⊂ F⊗K is said to be a
Φ-invariant subbundle of E. A Higgs bundle (E,Φ) is said to be
• stable (semi-stable) if for each proper Φ-invariant F ⊂ E one has
µ(F) < µ(E) (equiv. 6);
• polystable if
(E,Φ) = (E1,Φ1)⊕ (E2,Φ2)⊕ . . .⊕ (Er,Φr),
where (Ei,Φi) is stable with µ(Ei) = µ(E) for all i.
4 Mathematics and physics of Higgs bundles
Remark 2.4. The characteristic polynomial of Φ restricted to an invariant sub-
bundle divides the characteristic polynomial of Φ. Hence, if the characteristic
polynomial of the Higgs field is irreducible, one knows that the corresponding
Higgs bundle is automatically stable.
Example 2.5. Choose a square root K1/2 of the canonical bundle K, and a section
ω of K2. A family of classical Higgs bundles (E,Φω) (as in Definition 2.1) may be
obtained by considering the vector bundle E = K
1
2 ⊕ K− 12 and the Higgs bundle
Φω given by
Φω =
(
0 ω
1 0
)
∈ H0(Σ, End(E)⊗K)
Consider a strictly semi-stable Higgs bundle (E,Φ). Since E is not stable, it
admits a minimal Φ-invariant subbundle F ⊂ E for which µ(F) = µ(E). Then, the
induced pair (F,Φ) is stable and the induced quotient the quotient (E/F,Φ ′) is
semistable. By induction, one obtains a flag of subbundles
F0 = 0 ⊂ F1 ⊂ . . . ⊂ Fr = E
where µ(Fi/Fi−1) = µ(E) for 1 6 i 6 r, and where the induced Higgs bundles
(Fi/Fi−1,Φi) are stable. This is the Jordan-Hölder filtration of E, and whilst it is not
unique, there is an induced graded object which is unique up to isomorphism
Gr(E,Φ) :=
r⊕
i=1
(Fi/Fi−1,Φi)
Two semi-stable Higgs bundles (E,Φ) and (E ′,Φ ′) are said to be S-equivalent if
Gr(E,Φ) ∼= Gr(E ′,Φ ′). Following [80, Theorem 5.10] we let M(n,d) be the moduli
space of S-equivalence classes of semi-stable Higgs bundles of fixed degree d and
fixed rank n. The moduli space M(n,d) is a quasi-projective scheme, and has
an open subscheme M ′(n,d) which is the moduli scheme of stable pairs. Thus,
every point is represented by either a stable or a polystable Higgs bundle. When
d and n are coprime, the moduli space M(n,d) is a smooth non-compact variety
which has complex dimension 2n2(g− 1) + 2 and the cotangent space of N(n,d)
over the stable locus is contained in M(n,d) as a Zariski open subset.
One of the most important characterisations of stable Higgs bundles on a com-
pact Riemann surface Σ of genus g > 2 is given in the work of Hitchin [61] and
Simpson [95], and which carries through to more general settings:
Theorem 2.6. If a Higgs bundle (E,Φ) is stable and deg E = 0, then there is a unique
unitary connection A on E, compatible with the holomorphic structure, such that
(2.7) FA + [Φ,Φ∗] = 0 ∈ Ω1,1(Σ, End E),
where FA is the curvature of the connection.
Equation (2.7) together with the holomorphicity condition
(2.8) d ′′AΦ = 0
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are called the Hitchin equations, where d ′′AΦ is the anti-holomorphic part of the
covariant derivative of the Higgs field Φ. Moreover, Hitchin showed that the
moduli space of Higgs bundles is a hyperkähler manifold with natural symplectic
form ω defined on the infinitesimal deformations (A˙, Φ˙) of a Higgs bundle
ω((A˙1, Φ˙1), (A˙2, Φ˙2)) =
∫
Σ
tr(A˙1Φ˙2 − A˙2Φ˙1),
where A˙ ∈ Ω0,1(End0E) and Φ˙ ∈ Ω1,0(End0E) (see [60, 61] for details). For sim-
plicity, we shall fix n and d and write M for M(n,d).
The notion of Higgs bundle can be generalized to encompass principal GC-
bundles, for GC a complex semi-simple Lie group. For more details, the reader
should refer to [61].
Definition 2.9. A GC-Higgs bundle is a pair (P,Φ) where P is a principal GC-
bundle over Σ, and the Higgs fieldΦ is a holomorphic section of the vector bundle
adP⊗C K, for adP the vector bundle associated to the adjoint representation.
When GC ⊂ GL(n,C), a GC-Higgs bundle gives rise to a Higgs bundle in
the classical sense, with some extra structure reflecting the definition of GC. In
particular, classical Higgs bundles are given by GL(n,C)-Higgs bundles.
Example 2.10. The Higgs bundles in Example 2.5 have traceless Higgs field, and
the determinant Λ2E is trivial. Hence, for each quadratic differential ω one has
an SL(2,C)-Higgs bundle (E,Φω).
For GC be a complex semisimple Lie group, we denote by MGC the mod-
uli space of S-equivalence classes of polystable GC-Higgs bundles. Following
[84] one can define stability for principal GC-bundles, which when considering
groups of type A,B,C,D, can be expressed in terms of stability for classical Higgs
bundles (see [7, Section 1.1] for a comprehensive study). Moreover, the notion
of polystability may be carried over to principal GC-bundles, allowing one to
construct the moduli space of isomorphism classes of polystable principal GC-
bundles of fixed topological type over the compact Riemann surface Σ. Since in
these notes we shall be working with Higgs pairs which are automatically stable
(as in Remark 2.4), we shall not dedicate time to recall the main study of stability
for principal Higgs bundles. For details about the corresponding constructions,
the reader should refer for example to [67, Section 3] and [7, Section 1].
Example 2.11. An SO(2n,C)-Higgs bundle is a pair (E,Φ), for E a holomorphic
vector bundle of rank 2n with a non-degenerate symmetric bilinear form ( , ),
and Φ ∈ H0(Σ, End0(E)⊗K) the Higgs field satisfying
(2.12) (Φv,w) = −(v,Φw).
Equivalently, an SO(2n+ 1,C)-Higgs bundle is a pair (E,Φ) for E a holomorphic
vector bundle of rank 2n + 1 with a non-degenerate symmetric bilinear form
(v,w), and Φ a Higgs field in H0(Σ, End0(E)⊗K) which satisfies (2.12).
6 Mathematics and physics of Higgs bundles
When considering the structure of an orthogonal Higgs field Φ, one can see
that for a generic matrix A ∈ so(2n+ 1,C) (and also for A ∈ so(2n,C)), its distinct
eigenvalues occur in ±λi pairs. Thus, the characteristic polynomial of A, which
shall become important in the next chapters, must be of the form
det(x−A) = x(x2n + a1x2n−2 + . . .+ an−1x2 + an).
2.2. Real Higgs bundles. Higgs bundles for real forms were first studied by
N. Hitchin in [60], and the results for SL(2,R) were generalised in [62], where
Hitchin studied the case of G = SL(n,R) appearing through involutions on the
Lie algebra, a perspective we shall come back to in later chapters. Using Higgs
bundles he counted the number of connected components and, in the case of split
real forms, he identified a component homeomorphic to RdimG(2g−2) and which
naturally contains a copy of a Teichmüller space.
Following [61], in order to obtain a G-Higgs bundle for a non-compact real
form G of GC and real structure τ, the connection A which solves Hitchin equa-
tions (2.7)-(2.8) needs to satisfy
∇ = ∇A +Φ− ρ(Φ)
to have holonomy in G, where ρ is the compact real structure of GC.
Since the connection A has holonomy in the compact real form of GC, we have
ρ(∇A) = ∇A. Hence, requiring ∇ = τ(∇) is equivalent to ∇A = τ(∇A) and
Φ− ρ(Φ) = τ(Φ− ρ(Φ)). In terms of the involution σ := ρτ, these two equalities
are given by
σ(∇A) = ∇A
σ(ρ(Φ) −Φ) = Φ− ρ(Φ).
From the above, ∇ has holonomy in the real form G if ∇A is invariant under σ,
and Φ anti-invariant. Hence for G a real form of a complex semisimple Lie group
GC, we may construct G-Higgs bundles as follows. For H the maximal compact
subgroup of G, we have seen that the Cartan decomposition of g is given by
g = h⊕m, for h the Lie algebra of H, and m its orthogonal complement. This
induces a decomposition for the complex Lie algebras as gC = hC ⊕mC. Through
the induced isotropy representation Ad|HC : H
C → GL(mC), one has a concrete
description of G-Higgs bundles (for more details, see for example [87]):
Definition 2.13. A principal G-Higgs bundle is a pair (P,Φ) where P is a holo-
morphic principal HC-bundle on Σ, and Φ is a holomorphic section of the bundle
P×Ad mC ⊗K.
Example 2.14. Consider the non-compact real form SU(p,q) of SL(p+ q,C) with
Lie algebra
su(p,q) =
{(
Z1 Z2
Z
t
2 Z3
) ∣∣∣∣∣ Z1,Z3 skew Hermitian of order p and q,TrZ1 + TrZ3 = 0 , Z2 arbitrary
}
,
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whose complexification has Cartan decomposition
su(p,q)C = sl(p+ q,C) = hC ⊕mC,
where mC corresponds to the off diagonal elements of sl(p + q,C). The centre
of SU(p,q) is U(1), and its maximal compact subgroup is H = S(U(p)×U(q)),
whose complexified Lie group is
HC = {(X, Y) ∈ GL(p,C)×GL(q,C) : detY = (detX)−1}.
Hence, an SU(p,q)-Higgs bundle over Σ is a pair (E,Φ) where E = Vp ⊕ Vq for
Vp,Vq vector bundles over Σ of rank p and q such that ΛpVp ∼= ΛqV∗q, and the
Higgs field Φ is given by
Φ =
(
0 β
γ 0
)
,
for β : Vq → Vp ⊗K and γ : Vp → Vq ⊗K.
For more details about the construction of real Higgs bundles and the study of
their geometric properties, the reader might be interested to see the lecture notes
and thesis [7, 51, 82, 89, 93], as well as the following – certainly non-exhaustive-
list of papers which we have found useful in the past (and references therein):
[8,11,14,28,34,35,46,48,49,62,64,73,86,87,91,92,101,104] In particular, the reader
should refer to [47] for the Hitchin-Kobayashi type correspondence for real forms.
2.3. Parabolic Higgs bundles. The notion of Higgs bundles can be generalized
in several directions, and one which has caught the attention of mathematicians
and physicists during the last decades is the case of parabolic Higgs bundle, fol-
lowing the generalization of vector bundles to parabolic bundles [74]. On a
compact Riemann surface Σ of genus g with marked points p1, . . . ,pn satisfy-
ing 2g− 2+n > 0, we denote by D the effective divisor D = p1 + . . .+ pn. Then,
from [74] a parabolic vector bundle E on Σ is an algebraic rank r vector bundle E on
Σ together with a parabolic structure, which is a (not necessarily full) flag for the
fibre of E over the marked points
0 = Epi,0 ⊂ Epi,1 ⊂ Epi,2 ⊂ . . . ⊂ Epi,ri = E|pi ,
together with a set αi = (αi,0, . . . ,αi,ri) of parabolic weights associated to each
marked point pi given by real numbers satisfying
1 = αi,0 > αi,1 > . . . > αi,ri > 0.
A parabolic holomorphic map is a map f : E → E ′ between parabolic bundles
for which αi(pj) > α ′k(pj) implies f(Epj,i) ⊂ E ′pj,k+1 for all pj ∈ D, where α ′k(pj)
are the weights on E ′. The parabolic degree of a parabolic bundle E are then
8 Mathematics and physics of Higgs bundles
defined as
par deg(E) = deg(E) +
n∑
j=1
rj∑
i=1
mj,iαj,i,
where mj,i = dim(Epj,i/Epj,i+1), and the parabolic slope of the parabolic bun-
dle is defined as parµ(E) = par deg(E)/rk(E). A parabolic bundle is called
(semi)-stable if for every parabolic subbundle F of E, the parabolic slope satis-
fies parµ(F) 6 parµ(E) (resp. parµ(F) < parµ(E)). Through the parabolic stability
for E one can construct the moduli space of semi-stable parabolic vector bundles
[74], usually denoted by Nα, which is a normal projective variety, non-singular
when the weights are generic.
One can generalize the notion of parabolic vector bundles and consider para-
bolic Higgs bundles, or PHG, as was first done by C. Simpson in [33].
Definition 2.15. A (classical) parabolic Higgs bundle is a pair (E,Φ) where
• E is a parabolic vector bundle as defined above,
• the Higgs field Φ ∈ H0(Σ, End(E)⊗KΣ(D)) satisfies Φ|pi(Ei,j) ⊂ Ei,j ⊗KΣ(D)|pi .
The notions of stability extend to parabolic Higgs bundles, and through these
one obtains the moduli space Pα of α-semi-stable parabolic Higgs bundles of de-
gree d and rank r, which was first constructed by Yokogawa in [105] (see also [27]).
This space hasdimension (2g− 2)r2 + 2 + nr(r− 1), is a normal quasi-projective
variety, and was constructed as a hyperkähler quotient using gauge theory in [70],
and topological properties of this moduli space for rank r = 2 parabolic Higgs
bundles were studied through the Morse theoretic approach of Hitchin in [105].
Example 2.16. A U(p,q)-parabolic Higgs bundle on Σ is a parabolic Higgs bundle
(E,Φ) such that E = V ⊕W, where V and W are parabolic vector bundles of rank
p and q respectively, and
Φ =
(
0 β
γ 0
)
: (V ⊕W)→ (V ⊕W)⊗K(D),
where the non-zero components β : W → V ⊗ K(D) and γ : V → W ⊗ K(D)
are parabolic morphisms and D is an effective divisor on Σ (the reader should
compare this to Example 2.14).
Parabolic Hitchin systems can be considered to allow simple poles in the gauge
and Higgs fields at marked points on a Riemann surface, whilst higher order
poles lead us Wild Higgs bundles, which we shall consider next.
2.4. Wild Higgs bundles. Across these notes we shall limit ourselves to the
study of Wild Higgs bundles (E,Φ) over the projective line P1. For a fixed ef-
fective divisor D = p1 + . . . + pn in P1, we take these pairs as composed of a
vector bundle E and a OP1(D) valued endomorphism Φ : E→ E⊗OP1(D) called
the Higgs field. The divisor D controls where Φ is allowed to have poles, so it is
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sometimes referred to as the polar divisor, and in this setting one considers stable,
integrable connections with irregular singularities of the form
A = d+ Tn
dz
zn
+ . . .+ T1
dz
z
,
for n > 1, and stable parabolic Higgs bundles (E,Φ) as in the previous section,
where the Higgs field has polar parts, e.g.,
(2.17) Tn
dz
zn
+ . . .+ T1
dz
z
,
and is defined such that the fibre of E at pj is preserved by the residue res(Φ,pj),
and where T1, T2, . . . , Tn are elements of the Lie algebra of the group1. When
considering Higgs bundles of low rank, we shall sometimes take the notation of
[23] and write a complexified connection as:
(2.18) A = dQ+ T1
dz
z
,
for Q a square diagonal matrix of meromorphic connections2, where varying Q
in 2.18, is equivalent to varying (Tn, Tn−1, . . . , T2) in (2.17).
Definition 2.19. The formal monodromy of A is M0 := e2piiT1 . Moreover, we say
that T1 is the exponent of the formal monodromy.
Following SimpsonÃT¸s construction in [96] for parabolic Higgs bundles, it
is natural to assume that the connections and Higgs fields are holomorphically
gauge equivalent to ones with diagonal polar parts. Similar to the regular case,
the moduli space of these wild Higgs bundles can be obtained as a hyperkähler
quotient [24, 26]. In these notes we shall follow the notation of [25] where a wild
Higgs bundle of type (m, r1, r2, . . .) is a Higgs bundle with m poles of orders
ki := ri + 1. To understand the moduli spaces of Higgs bundles, in what follows
we shall restrict our attention to rank 2 Higgs bundles with poles over P1.
Remark 2.20. It is interesting to consider Higgs bundles whose number of poles
with multiplicities is exactly 4 since those are closely related to solutions to
Painlevé equations: (A) type (1, 3) gives Painlevé II – see Problem I.(5).iii.; (B)
type (2, 1, 1) gives Painlevé III – see Example 2.4.1; (C) type (4, 0, 0, 0, 0) gives
Painlevé VI – see Section 2.3).
For rank two Higgs bundles, from [25, Remark 9.12] one obtains moduli spaces
of complex dimension two when (m, r1, r2, . . .) = (4, 0, 0, 0, 0) as in (C) of Remark
2.20, (3, 1, 0, 0), (2, 1, 1) as in (B) of Remark 2.20, (2, 2, 0), and (1, 3) as in (A) of
Remark 2.20. In order to illustrate the main ingredients in the study of wild
Higgs bundles, in what remains of the chapter we shall consider some particular
examples. The reader should refer to Boalch’s papers mentioned above for more
1One usually assumes that the matrix Tn is diagonalizable with distinct eigenvalues; this rules out
nilpotence which rules out the possibility of a higher order regular singularity and also allows one to
define the formal diagonalizing gauge transformation taking a connection to its irregular type given
by (1.15).
2One typically applies a formal diagonalizing procedure before defining Q.
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details and complete proofs, as well as [4, Appendix A] for further examples
appearing in relation to String theory. Finally, for open problems in the area, a
non-exhaustive list of questions relating Wild Higgs bundles to singular geometry
is given in [6], and for more on the relation with Painlevé’s equations see for
example [98] and references therein.
Higgs bundles with one pole In what follows we shall give a construction of
the main ingredients introduced in [23] by first studying rank 2 Higgs bundles
on P1 with one double pole on a fixed point p1 = 0 ( see also [5, Appendix A]).
In this setting, the connection in (2.18) is
(2.21) A = dz
(
T2
z2
+
T1
z
)
,
where T2 =
dQ
dz z
2 and T1 is a constant diagonal matrix. In particular, we write
Q =
(
q1(z) 0
0 q2(z)
)
,
and define qij(z) as the leading term of qi(z)−qj(z). For q1(z)−q2(z) = a/z+b,
one has that
q12(z) = a/z, and q21(z) = −a/z.
The set of anti-Stokes directions A ⊂ S1 is composed of the directions d ∈ S1
for which either q12(z) ∈ R<0, or q21(z) ∈ R<0 for z on the ray specified by d.
These are the directions along which e(a/z+b) (respectively e−(a/z+b)) decays
most rapidly as z approaches 0, and since if± az ∈ R<0 then∓ az e−ipi ∈ R<0, and
thus #A := r = 2. Note that if q12(z) ∈ R<0 for a direction d, then q21(z) 6∈ R<0
for that direction (and vice versa). We shall refer to a direction as a half-period:
for l := r/2, a half-period is an l-tuple d = (d1, . . . , dl) ⊂ A of consecutive anti-
Stokes directions. The multiplicity Mult(d) of d is the number of roots supporting
d. When weighted by their multiplicities, the number of anti-Stokes directions in
any half-period is 1 = Mult(d1) + . . . + Mult(dl). In our setting of (2.21), letting
a = r˜eiθ˜ there are only two half periods:
• From q12 a direction d1 := ei(θ˜−pi), for which taking z = r ′ei(θ˜−pi) one
has q12(z) = − r˜r ′ ∈ R<0;
• From q21 a direction d2 := e−ipid1 = eiθ˜, for which taking z = r ′eiθ˜ gives
q21(z) = −
r˜
r ′ ∈ R<0.
For d an anti-Stokes direction, the roots of d are
Roots(d) := {(ij) | qij(z) ∈ R<0 along d}.
Note that the Stokes directions d1 and d2 define the orderings q1 <d1 q2, and
q2 <d2 q1. Moreover, the directions define the Stokes sectors Secti := (di, di+1) for
i mod `. For the Higgs bundle arising from (2.21) the roots are Roots(d1) = {(12)}
and Roots(d2) = {(21)}.
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Remark 2.22. For a Higgs bundle arising from (2.18) with one pole of order 3 at
zero, writing q1 −q2 = az4 +
b
z3
+ c
z2
+ dz +e, leads to q12(z) =
a
z3
and q21(z) = − az3 .
This system has 6 anti-Stokes directions, and we shall come back to it in the
problem set.
The group of Stokes factors associated to a direction d is the group
Stod(A) := {K ∈ G | (K)ij = δij unless (ij) is a root of d},
which for rank 2 Higgs bundles is a unipotent subgroup of G = GL(2,C) of di-
mension 1. For all directions d1 and d2 that we have, the group of Stokes matrices3
are 1-dimensional subgroup
(2.23)
Stod1(A) =
{(
1 z˜
0 1
)
for z˜ ∈ C
}
and Stod2(A) =
{(
1 0
z˜ 1
)
for z˜ ∈ C
}
.
To study the moduli space of Wild Higgs bundles one needs to consider funda-
mental solutions in each Stokes sector, which are then extended using the Stokes
matrices, which can then be thought of as the transition matrices between the
canonical fundamental solutions. However, we shan’t deepen into this, and rather
refer the reader to Boalch’s papers mentioned before (e.g. see [20, 23–26]).
2.4.1. Higgs bundles with multiple poles. When considering Higgs bundles
with different poles over a divisor D, more data needs to be taken into account
in order to build their moduli space. In what follows we shall mention a few
ingredients to give the reader a flavour of the theory by studying rank 2 Higgs
bundles with four poles. We shall consider here a divisor D = {p1, . . . ,p4}, take V
a homomorphically trivial bundle over P1, and let ∇ = d−A be a meromorphic
connections with poles on D, for
A =
4∑
i=1
(
T iki
dz
(z− pi)ki
+ · · ·+ T i1
dz
(z− pi)1
)
,
where T ij are diagonal 2× 2 matrices. Here the connection ∇ has a pole of order
ki at pi, and assuming that T11 + · · ·+ T41 = 0, it has no other poles. To deal with
this type of Higgs bundles we choose for each i disjoint open discs Di on P1
with center pi, and coordinate zi on Di vanishing at pi. Then, the local theory
described before for one single pole is repeated on each such disc: Stokes matrices
corresponding to distinct poles are related to each other by connection matrices,
which are transition matrices defined in terms of local fundamental solutions.
These connection matrices are associated to what is known as a tentacle.
To complete the description of the monodromy data of an irregular connection
with multiple poles, one needs the Stokes matrices and formal monodromy at
3 It should be noted that Boalch and other authors (e.g. see [2]) call Stokes matrices a product of a
half-period’s worth of Stokes factors, the objects in (2.23) – in the rank 2 case these two definitions
coincide.
12 Mathematics and physics of Higgs bundles
each pole along with the connection matrices relating fundamental solutions in
neighborhoods of distinct poles, making choices of points and paths between
them. These choices are encoded in a choice of the so-called tentacle:
(1) A point aj in some sector at pj between two anti-Stokes rays4, for each
j = 1, . . . , 4.
(2) A base-point p0 ∈ P1/{p1, . . . ,p4} and a path
γj : [0, 1]→ P1/{p1, . . . ,p4},
from p0 to aj for each j, such that the loop
(γ−14 β4γ4)(γ
−1
3 β3γ3)(γ
−1
2 β2γ2)(γ
−1
1 β1γ1)
based at p0 is contractible in P1/{p1, . . . ,p4}, for βj a loop in Dj/{pj} based
at aj around pj once in a positive sense.
As an example, consider a rank 2 Higgs bundles with 2 poles of order 2 and its
tentacle in Figure 2.24, where the grey labels and dotted paths have been chosen
to define the theory:
Figure 2.24. Tentacles for two poles of order 2.
We shall conclude by noting that considering the collision of points, one has
the following conjecture about the relation of Wild Higgs bundles and parabolic
Higgs bundles:
Conjecture 2.25 ([5]). There exists a flat morphism between the parabolic moduli space
and the wild moduli space in the case of singular parabolic Higgs bundle with n-simple
poles in their connection, and that of wild Higgs bundles with a single, higher order pole
of order n.
4Note that a choice of tentacle implies a labelling Pj of the permutation associated to pj (which for
simple poles is the identity matrix). Hence, one must either fix various conventions about how those
choices are to be made, or sacrifice some of the geometry by allowing for cyclic permutations of the
monodromy data.
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2.5. Problem set I. This problem set is meant to make the reader be acquainted
with the different ways of encoding the data defining Higgs bundles in their
various forms. They provide a mixture of problems from the lectures as well as
some additional ones.
Problem 1. Complex Higgs bundles. As mentioned before, through Definition
2.9 one can define principal GC-Higgs bundles which may be described in terms
of a pair (E,Φ) of a vector bundle E and a holomorphic Higgs filed Φ : E→ E⊗K
with some extra conditions reflecting the nature of the group:
i. Give a description of SO(2p+ 1,C)-Higgs bundles in terms of pairs (E,Φ)
as in Definition 2.1 and list the extra conditions that need to be satisfied.
ii. Show that if λ is an eigenvalue of an Sp(2p,C)-Higgs bundle (E,Φ), then
necessarily so is −λ.
Problem 2. Real Higgs bundles. In order to understand Sp(2p, 2q)-Higgs bun-
dles, we shall begin by considering the structure of the corresponding Lie algebra:
i. Give a 4× 4 matrix expression (with matrix entries) of the non-compact
real form sp(2p, 2q) of the complex symplectic Lie algebra.
ii. Show that mC for sp(2p, 2q) = h⊕m as in Example 2.14 can be expressed
as subset of certain off-diagonal matrices.
iii. Prove that if a Higgs bundle (E,Φ) is stable, then for λ ∈ C∗ and α a
holomorphic automorphism of E, the induced Higgs bundles (E, λΦ) and
(E,α∗Φ) are stable.
iv. A definition of Sp(2p, 2q)-Higgs bundles as pairs (E,Φ) satisfying extra
conditions which reflect the nature of the group.
v. A description of the characteristic polynomial of a generic Sp(2p, 2q)-
Higgs field.
Problem 3. Real Higgs bundles. Let gc be a complex Lie algebra with complex
structure i, whose Lie group is GC. Recall that a real form of gC is a real Lie
algebra which satisfies gC = g⊕ ig. Given a real form g of gC, an element Z ∈ gC
may be written as Z = X+ iY for X, Y ∈ g. The mapping X+ iY 7→ X− iY is called
the conjugation with respect to g. Moreover, any real form g of gC is given by the
fixed points set of an antilinear involution τ on gC. i.e., a map satisfying
τ(τ(X)) = X, τ(zX) = zτ(X),
τ(X+ Y) = τ(X) + τ(Y), τ([X, Y]) = [τ(X), τ(Y)]
for X, Y ∈ gC and z ∈ C. In particular the conjugation with respect to g satisfies
these properties. From the above definitions, obtain the following:
i. Obtain an involution σ on gC such that:
– the fixed point set gσC of σ is given by the complexification of the
maximal compact subalgebra h of g;
– the anti-invariant set under the involution σ is given by mC, where
g = h⊕m is the Cartan decomposition.
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ii. A description of the involution on gl(n,C) and sl(n,C) fixing the unitary
groups with signature u(p,q) and su(p,q).
iii. A description of Sp(2p, 2q)-Higgs bundles as the fixed point set of some
involution on the whole moduli space of Sp(2p+ 2q,C)-Higgs bundles,
induced by actions on the Lie algebra, using the Hitchin equations and
question Problem 2 above.
Problem 4. Parabolic Higgs bundles. When considering GL(2,C)-Higgs bun-
dles, recall that Hitchin established in [61] a correspondence between equivalence
classes of irreducible GL(2,C) representations of pi1(Σ) and isomorphism classes
of GL(2,C)-Higgs bundles of degree zero. A similar correspondence was later
obtained by Simpson in [33] between parabolic Higgs bundles and and the fun-
damental group of Σ/{p1, . . . ,pn}. Though those identifications, particular prop-
erties of parabolic Higgs bundles and their corresponding representations can be
obtained, as was done for example in [21].
i. Give an example of a parabolic stable Higgs bundle (E,Φ) of rank 2 which
has parabolic degree zero.
ii. Give an example of a parabolic stable U(3, 1)-Higgs bundle (E,Φ), using
the descriptions of Example 2.16.
iii. Give an expression for the flat connection corresponding to the Higgs
bundle (E,Φ) in Problem 4.i., and modify the pair until it can be shown
that the holonomy of the flat connection is contained (after conjugation)
in SL(2,R).
iv. From [42], recall that a minimal parabolic structure on E is a choice at each
pi of a partial flag 0 ⊂ Li ⊂ Epi , where Li is a line. A minimal parabolic
Higgs field is an OX-linear map φ ∈ H0(X, End(E)⊗ KX(D)), such that at
each point pi, the residue of φi of φ is strictly triangular with respect to
the flag: φ(Epi) ⊆ Li,φi(L) = 0. Construct an example of a rank 3 minimal
parabolic Higgs field.
v. Show that if minimal parabolic Higgs field φ as in Problem 4.iv. is strictly
parabolic, then the residues φi are nilpotent of order 2, and they lie in the
closure of the minimal nilpotent orbit of slr.
Problem 5. Wild Higgs bundles. Consider a rank 2 Higgs bundle with 1 pole of
order 3 at p2 and one of order 1 at p1. For this, take diagonal matrices jAi and
∇ := d−
(
1A1
dz
(z− p1)
)
−
(
2A3
dz
(z− p2)3
+2 A2
dz
(z− p2)2
+2 A1
dz
(z− p2)
)
.
Using the examples given in this chapter, consider the following:
i. Describe the sets of anti-Stokes directions and identify whether the Stokes
matrices are upper or lower triangular;
ii. Give a description of the tentacle as in Figure 2.24.
iii. For Higgs bundles with one pole of order 4 as in Remark 2.22, show that
the system has 6 anti-stokes directions and give a description of them.
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3. The geometry of the Hitchin fibration
Integrability of a system of differential equations should manifest itself through
some generally recognizable features:
? the existence of many conserved quantities;
? the presence of algebraic geometry;
? the ability to give explicit solutions.
These guidelines should be interpreted in a very broad sense.”
Nigel Hitchin
The moduli space MGC of GC-Higgs bundles can be naturally studied through
the Hitchin fibration, as introduced in [61]. We shall dedicate this chapter to the
study of this fibration and the description of some of its geometric properties.
3.1. The Hitchin fibration and the Teichmüller component. This Hitchin fibra-
tion is defined through a homogeneous basis pi, for i = 1, . . . ,k for the algebra of
invariant polynomials of the Lie algebra gc of GC, whose degrees shall be denoted
by di. Then, the Hitchin fibration is given by
h : MGC −→ AGC :=
k⊕
i=1
H0(Σ,Kdi),
(E,Φ) 7→ (p1(Φ), . . . ,pk(Φ)).
The map h is referred to as the Hitchin map, and is a proper map for any choice of
basis (see [61, Section 4] for details). Furthermore, the Hitchin base AGC always
satisfies
dimAGC = dimMGC/2,
making the Higgs bundle moduli space into an integrable system.
By considering different homogenous basis of invariant polynomials, one can
make different aspects of the geometry of the Hitchin fibration explicit. In par-
ticular, one may sometimes ask whether certain property of the fibration (or of
a fibre) is preserved under a change of basis, and we shall see in later sections
examples of this. Across these notes, for classical Higgs bundles (E,Φ) of rank
n we shall often take the basis given by tr(Φi) for 1 6 i 6 n, or given by the
coefficients of the characteristic polynomial of the Higgs field Φ.
Remark 3.1. Through changes of basis, one obtains correspondences between
different expressions of the Hitchin fibration for the same group. For instance, the
coefficients of the characteristic polynomial can be expressed in terms of traces as
follows:
(3.2) p(x) = xn + tr(Φ)xn−1 +
n−1∑
k=2
xn−k (−1)k Tr(ΛkΦ) + (−1)n det(Φ)
where Tr(ΛkΦ) is the trace of the kth exterior power of Φ, with dimension
n!
k!(n−k)!
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The Teichmüller component [62], or so-called Hitchin section of the Hitchin fibra-
tion, is induced by the Kostant slice K of gC, which is the space given by
K := {f ∈ gC | f = f0 + a1e1 + a2e2 + . . .+ arer},
for ei the highest weight vectors of gC and ai complex numbers, and f0 a nilpotent
element of a three-dimensional subalgebra s of gC. Recall that this is a subalgebra
of gC generated by a semisimple element h0, and nilpotent elements e0 and f0 of
gC satisfying the relations
[h0, e0] = e0 ; [h0, f0] = −f0 ; [e0, f0] = h0.
From the decomposition of gC into eigenspaces of adh0, consider the vector
bundle
E = adP⊗C =
kr⊕
j=−kr
gj ⊗Kj,
where kr = max{ki}i is the maximal exponent of gC. This is the adjoint bundle
of gC associated to the principal AdGC-bundle P = P1 ×i G, where P1 is the holo-
morphic principal SL(2,C)-bundle associated to K−1/2 ⊕ K1/2, and the inclusion
i : SL(2,C) ↪→ AdGC corresponds to the principal three dimensional subalgebra
s0. Although P1 involves a choice of square root K1/2, the bundle E is independent
of it. The AdGC-Higgs bundle (E,Φ), for
Φ = f0 + a1e1 + a2e2 + . . .+ arer
and ai ∈ H0(Σ,Kki+1), is stable. Note that (adh0)f0 = −f0 and thus we may
regard f0 as a section of (g−1⊗K−1)⊗K. Furthermore, the highest weight vectors
ej ∈ gkj and thus ajej is a section of gkj ⊗ Kkj+1, making Φ a well defined
holomorphic section of E⊗K.
Since pi(Φ) = ai, the above construction defines a section
(3.3) s : (a1, . . . ,ar) 7→ (E,Φ)
of MAdGC whose image is the Teichmüller component. This component defines an
origin in the smooth fibres of h, and the Hitchin fibration becomes a fibration of
abelian varieties (for more details the reader should refer to [61] where Hitchin
introduced the Teichmüller component) The following result ([62, Theorem 7.5])
relates the Teichmüller component to the space of representations of the split real
form of AdGC:
Theorem 3.4. The section s of MAdGC defines a smooth connected component of the
moduli space of reductive representations of pi1(Σ) into the split real form of AdGC.
3.2. The regular fibres of the Hitchin fibration. We shall first consider the reg-
ular fibres of the Hitchin fibration, which are those fibres over regular – generic
– points in the Hitchin base. Formally, we shall be considering fibres over points
a ∈ AGC defining smooth spectral curves S. As before, we consider K = T∗Σ,
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and X = Tot(K) its total space with projection pi : X → Σ. We shall denote by η
the tautological section of the pull back pi∗K on X. Abusing notation we denote
with the same symbols the sections of powers Ki on Σ and their pull backs to X
(for more details see the equations in [18] where the distinction is made when
defining spectral data).
The characteristic polynomial of a Higgs bundle (E,Φ) in a generic fibre h−1(a)
defines a smooth curve pi : Sa → Σ in X, the spectral curve of Φ, whose equation is
(3.5) det(η−Φ) = ηn + a1ηn−1 + a2ηn−2 + . . .+ an−1η+ an = 0,
for ai ∈ H0(Σ,Ki) (for simplicity, we will drop the subscript a of Sa). By the
adjunction formula on X (see e.g. [81]), The cotangent bundle of Σ is a symplectic
manifold and hence has trivial canonical bundle, so KS ⊗ pi∗K−m is trivial and
KS = pi
∗Kn. Taking degrees in both sides gives the genus
gS = 1+n2(g− 1).
The spectral data associated to a Higgs bundle (E,Φ) provides a geometric de-
scription of the fibres of the Hitchin fibration as abelian varieties, and is then
given by:
• the spectral curve pi : S→ Σ, and
• a vector bundle on S, satisfying appropriate conditions reflecting the na-
ture of GC.
In the case of classical Higgs bundles, the smooth fibres are Jac(S). For η the
tautological section of pi∗K, one recovers (E,Φ) from the curve (S,L ∈ Jac(S)) by
taking E = pi∗L and Φ = pi∗η. Indeed, recall that by the definition of direct image
sheaf, given an open set U ⊂ Σ, one has that H0(pi−1(U),L) = H0(U,pi∗L), and
multiplication by η induces the map
H0(pi−1(U),L)
η−→ H0(pi−1(U),L⊗ pi∗K).
By considering the direct image of the map, one obtains
Φ : pi∗L→ pi∗L⊗K,
giving a Higgs field Φ ∈ H0(Σ, EndE⊗ K) for E := pi∗L. Moreover, the Higgs
field satisfies its characteristic equation, which by construction is given by the
equation ηn + a1ηn−1 + a2ηn−2 + . . . + an−1η + an = 0. Furthermore, since S
is irreducible, from Remark 2.4 there are no invariant subbundles of the Higgs
field, making the induced Higgs bundle (E,Φ) stable. Conversely, let (E,Φ) be
a classical Higgs bundle. The characteristic polynomial is given by (3.5) and its
coefficients define the spectral curve S in the total space X.
From [18, Proposition 3.6], there is a bijective correspondence between Higgs
bundles (E,Φ) and the line bundles L on the spectral curve S described previously.
This correspondence identifies the fibre of the Hitchin map with the Picard variety
of line bundles of the appropriate degree. By tensoring the line bundles L with a
chosen line bundle of degree −deg(L), one obtains a point in the Jacobian Jac(S),
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the abelian variety of line bundles of degree zero on S, which has dimension gS
as in (3.2). In particular, the Jacobian variety is the connected component of the
identity in the Picard group H1(S,O∗S). Thus, the fibre of the classical Hitchin
fibration h : M → A is isomorphic to the Jacobian of the spectral curve S. For
more details, the reader should refer for example to [63, Section 2].
Example 3.6. In the case of a classical rank 2 Higgs bundle (E,Φ), the character-
istic polynomial of Φ defines a spectral curve pi : S → Σ. This is a 2-fold cover
of Σ in the total space of K, and has equation η2 + a2 = 0, for a2 a quadratic
differential and η the tautological section of pi∗K. By [18, Remark 3.5] the curve
is smooth when a2 has simple zeros, and in this case the ramification points are
given by the divisor of a2. For z a local coordinate near a ramification point, the
covering is given by z 7→ z2 := w. In a neighbourhood of z = 0, a section of the
line bundle M looks like f(w) = f0(w) + zf1(w). Since the Higgs field is obtained
via multiplication by η, one has
Φ(f0(w) + zf1(w)) = wf1(w) + zf0(w),
and thus a local form of the Higgs field Φ is given by
Φ =
(
0 w
1 0
)
.
By considering additional conditions on the Higgs field Σ (e.g., requiring it to
have a U(p,q)-structure as in Example 2.14) the characteristic polynomial, and
thus the curve it defines, acquires further structure, and examples of these will
be described below. Hence, when GC ⊂ GL(n,C), the spectral data of a GC-
Higgs bundle is given by the spectral data of the pair as a classical Higgs bundle,
satisfying extra conditions. An example of this is how the spectral data for real
G-Higgs bundles can be expressed when G is the split real form of the complex
Lie group GC.
Theorem 3.7 ([89] Theorem 4.12). The spectral data for G-Higgs bundles when G is
the split real form of the complex Lie group GC is given by the GC spectral data of order
two. In other words, the intersection of the subspace of the Higgs bundle moduli space
MGC corresponding to the split real form of gC with the smooth fibres of the Hitchin
fibration
h : MGC → AGC ,
is given by the elements of order two in those fibres.
Through the above theorem, one can certain real Higgs bundles as a covering
space in the Hitchin fibration, and thus their geometry can be studied through the
properties of covering spaces – for instance, through the monodromy action for
the fibration. To define the monodromy action for the Hitchin fibration, consider
a generic fibration p : Y → B which is locally trivial, i.e. for any point b ∈ B
there is an open neighbourhood Ub ∈ B such that p−1(Ub) ∼= Ub × Yb where Yb
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denotes the fibre at b. The nth homologies of the fibres Yb form a locally trivial
vector bundle over B, which we denote Hn(B). This bundle carries a canonical
flat connection, the Gauss-Manin connection.
To define this connection we identify the fibres of Hn(B) at nearby points
b1,b2 ∈ B, i.e. Hn(Yb1) and Hn(Yb2). Consider N ⊂ B a contractible open
set which includes b1 and b2. The inclusion of the fibres Yb1 ↪→ p−1(N) and
Yb2 ↪→ p−1(N) are homotopy equivalences, and hence we obtain an isomorphism
between the homology of a fibre over a point in a contractible open set N and
Hn(p
−1(N)):
Hn(Yb1)
∼= Hn(p
−1(N)) ∼= Hn(Yb2).
This means that the vector bundle Hn(B) over B has a flat connection, the Gauss-
Manin connection. The monodromy of Hn(B) is the holonomy of this connection,
i.e. a homomorphism pi1(B) → Aut(Hn(Y)) as an action of pi1(B) on Hn(Y). By
applying these results to the fibration Mreg → Areg one has that the Gauss-
Manin connection on the cohomology of the fibres of h : Mreg → Areg defines
the monodromy action for the Hitchin fibration. This monodromy action as been
studied for some groups in [12, 16, 88, 89].
3.2.1. The Hitchin fibration and SL(n,C)-Higgs bundles. To give an example of
the conditions needed, we shall consider GC = SL(n,C). Here, through Definition
2.9 an SL(n,C)-Higgs bundle is a classical Higgs bundle (E,Φ) where the rank
n vector bundle E has trivial determinant and the Higgs field has zero trace. A
basis for the invariant polynomials on the Lie algebra sl(n,C) is given by the
coefficients of the characteristic polynomial of a trace-free matrix A ∈ sl(n,C),
and thus the spectral curve pi : S → Σ defined by the Higgs field has equation
(3.5) with a1 = 0. In this case the generic fibres of the Hitchin fibration are given
by the subset of Jac(S) of line bundles L on S for which pi∗L = E and Λnpi∗L
is trivial: the generic fibre of the SL(n,C) Hitchin fibration is biholomorphically
equivalent to the Prym(S,Σ), for S the spectral curve defined as in (3.5) with the
coefficient a1 = 0.
In order to give the flavour of some of the geometry arising through the Hitchin
fibration, we shall consider next the case of n = 2 and let A be the SL(2,C)
Hitchin base and by M the moduli space of SL(2,C)-Higgs bundles. For any
ω ∈ A − {0} it is shown in [52, Theorem 8.1] that the fibre Mω is connected.
For any isomorphism class of (E,Φ) in M, one may consider the zero set of its
characteristic polynomial
det(Φ− ηI) = η2 +ω = 0,
where ω = det(Φ) ∈ A. This defines a spectral curve ρ : S → Σ in the total
space X on K, for η the tautological section of the pull back of K on X. We shall
denote by Mreg the regular fibres of the Hitchin map h, and let Areg be the
regular locus of the base, which is given by quadratic differentials with simple
20 Mathematics and physics of Higgs bundles
zeros. Note that the curve S is non-singular over the regular locus Areg, and the
ramification points are given by the intersection of S with the zero section. The
curve S has a natural involution σ(η) = −σ and thus we can define the Prym
variety Prym(S,Σ) as the set of line bundles M ∈ Jac(S) which satisfy
σ∗M ∼=M∗.
In particular, this definition is consistent with the one given for n > 2 by means
of the Norm map.
Since S is a 2-fold cover in the total space X of K, the direct image of the trivial
bundle O in Prym(S,Σ) is given by pi∗O = O⊕ K−1 (e.g. see [18, Remark 3.1]).
Moreover, from the natural involution σ, the sections of pi∗O can be separated
into invariant and anti-invariant ones. As O corresponds to the invariant sections,
and Λ2pi∗O ∼= K−1, necessarily pi∗O = O⊕K−1.
The Hitchin section as introduced in (3.3) of the Hitchin fibration can be ob-
tained naturally from the line bundle L = pi∗K1/2 on S, for which one has
pi∗pi∗K1/2 = K1/2 ⊗ pi∗O = K1/2 ⊕K−1/2.
Hence, the line bundle O ∈ Prym(S,Σ) has an associated Higgs bundle given by
(K1/2 ⊕ K−1/2,Φω), where the Higgs field Φω defined as in Example 2.5 and
Example newexample by
Φω =
(
0 ω
1 0
)
, for ω ∈ H2(Σ,K2).
For genericGC, a description of the fibres can be obtained by means of Cameral
covers [39] (see also [37]) which is equivalent to the one given in the next sections
for classical Lie groups. For a comprehensive description of Cameral covers for
real Higgs bundles, the reader may refer to [82, 83].
The split real forms. In order to study Higgs bundles for the split real form
SL(2,R), one should remember that their spectral data corresponds to elements of
order 2 in the abelian varieties Prym(S,Σ) giving the generic fibres of the Hitchin
fibration. Moreover, in this case the monodromy is generated by the action of
pi1(Areg) on H1(Prym(S,Σ),Z), a space which in turn can be shown to give the
set P[2] of torsion two points of the fibre (this can be generalized to higher rank,
and the reader should refer to [16] for a more detailed study).
In what follows we shall see how the space H1(Prym(S,Σ),Z) is isomorphic
to the torsion two points P[2] in the generic fibre Prym(S,Σ). Since a generic
fibre of h is given by the abelian variety Prym(S,Σ), i.e., by the quotient of a
complex vector space V by some lattice ∧, one has an associated exact sequence
of homology groups
. . .→ pi1(∧)→ pi1(V)→ pi1(Prym(S,Σ))→ pi0(∧)→ . . . .
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Hence, there is a short exact sequence 0→ pi1(Prym(S,Σ))→ ∧→ 0, from where
∧ ∼= pi1(Prym(S,Σ)). Therefore, pi1(Prym(S,Σ)) is an abelian group, i.e.,
pi1(Prym(S,Σ)) ∼= H1(Prym(S,Σ),Z).
We shall denote by P[2] the elements of order 2 in Prym (S,Σ), which are equiva-
lent classes in V of points x such that 2x ∈ ∧. Then, P[2] is given by 12∧ modulo
∧, and as ∧ is torsion free,
P[2] ∼= ∧/2∧ ∼= H1(Prym(S,Σ),Z2).
Moreover, H1(Prym(S,Σ),Z2) ∼= Hom(H1(Prym(S,Σ),Z),Z2) and thus
H1(Prym(S,Σ),Z2) ∼= Hom(∧,Z2) ∼= ∧/2∧ ∼= P[2].
Hence, the covering space P[2] is determined by the action of pi1(Areg) on the
first cohomology of the fibres with Z2 coefficients. This action is studied in [88]
for n = 2, and in [12, 16] for n > 2.
Real forms with signature The locus of SU(p,p+ q)-Higgs bundles is fixed by
an involution ΘSU(p,p+q) : (E,Φ) 7→ (E,−Φ) on SL(2p + q,C)-Higgs bundles
corresponding to bundles E which have an automorphism conjugate to Ip,p+q
sending Φ to −Φ, and whose ±1 eigenspaces have dimensions p and p+ q (see
also Example 2.14). The involution −σ acts trivially on the polynomials of even
degree. In this case, the characteristic polynomial is given by
(3.8) det(η−Φ) = ηq(η2p + a2η2p−2 + . . .+ a2p−2η2 + a2p),
defines a spectral curve pi : S→ Σ as
S = {0 = η2p + a2η2p−2 + . . .+ a2p−2η2 + a2p} ⊂ Tot(K),
where η is the tautological section of pi∗K and ai ∈ H0(Σ,Ki).
Whilst the spectral data is not known for q 6= 0, 1, in the case of q = 0 it has
been described in [89, Chapter 6] and [91] by looking at U(p,p)-Higgs bundles
(W1 ⊕W2,Φ), which when satisfying ΛpW1 ∼= ΛqW∗2 correspond to SU(p,p)-
Higgs bundles (the case of q = 1 is studied in [82] through Cameral data). More-
over, for q = 0, the curve S is a 2p-fold cover of the Riemann surface Σ, ramified
over the 4p(g− 1) zeros of a2p, and has a natural involution
(3.9) σ : η 7→ −η
which has as fixed points the ramification points of the cover. The quotient of S
by the action of σ defines a p-fold cover ρ : S→ Σ in the total space of K2, whose
equation is given by ξp + a1ξp−1 + . . . + ap−1ξ+ ap = 0, where ξ = η2 is the
tautological section of ρ∗K2. Since S is the quotient of a smooth curve, it is also
smooth. We let pi : S→ S be the double cover given by the above quotient:
S
pi
2:1 //
ρ
2p:1 
S.
p:1
ρ

Σ
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We shall denote by gS and gS the genus of S and S, respectively. Since the
cotangent bundle has trivial canonical bundle, and the canonical bundle of K2 is
ρ¯∗K−1, the adjunction formula gives KS ∼= ρ∗K2p and KS¯ ∼= ρ¯∗K2p⊗ ρ¯∗K−1. Thus,
gS = 4p2(g− 1) + 1,
gS = (2p
2 − p)(g− 1) + 1.
The spectral data for SU(p,p)-Higgs bundles can then be deduced from the spec-
tral data of U(p,p)-Higgs bundles described as follows:
Theorem 3.10 ([91]). Given a U(p,p)-Higgs bundle with non-singular spectral curve
one can construct a pair (S,M) where
(a) the curve ρ : S → Σ is an irreducible non-singular 2p-fold cover of Σ given by
the equation η2p + a1η2p−2 + . . . + ap−1η2 + ap = 0, in the total space of K,
where ai ∈ H0(Σ,K2i), and η is the tautological section of ρ∗K. The curve S has
an involution σ acting by σ(η) = −η;
(b) M is a line bundle on S such that σ∗M ∼=M.
Conversely, given a pair (S,M) satisfying (a) and (b), there is an associated stableU(p,p)-
Higgs bundle whose spectral curve is as in (a).
From the structure of the characteristic polynomials of SU(p,p+q)-Higgs bun-
dles described in (3.8) one can see that for q > 1 generically the polynomial de-
fines a reducible curve, and thus all of the SU(p,p+ q)-Higgs bundles lie in the
fibres over the discriminant locus of the Hitchin fibration. Most other non-split
real forms also give Higgs bundles which lie over the non-regular locus of the
Hitchin fibration, as shown in [89].
More generically, one may ask whether a given set of Higgs bundles can be
ever expressed as elements over the regular locus of the Hitchin fibration. For the
case of rank 2 Higgs bundles, Wentworth and Wolf proved in [102] that for every
non-elementary representation of a surface group into SL(2,C) there is a Riemann
surface structure such that the Higgs bundle associated to the representation lies
outside the discriminant locus of the Hitchin fibration For n > 3, and for any
other group, the question remains open: indeed, from [102, Remark 3.iv.] there
will be obstructions in any generalization of their theorem, and some of these
will come from other real forms of SL(n,C) which always lie in the discriminant
locus. In particular, their work involves a result of Gallo-Kapovich-Marden which
would need to be generalized for higher rank.
3.3. The singular locus of the Hitchin fibration. Across these notes we have
said that a point ω ∈ AGC in the Hitchin base is regular when the spectra curve S
it defines is smooth – equivalently, we said it is singular when the corresponding
spectral curve defined through the characteristic polynomial of the Higgs field
(3.5) is singular. There are, however, more elaborated and useful ways of strat-
ifying the Hitchin base, as for instance those used in [79] (see [30] for further
descriptions of those stratifications). However, we shall restrict ourselves here to
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the simpler definition of singular point and make some comments on some of the
arising geometry and open problems.
The most singular fiber is the fibre over 0 ∈ AGC , named the nilpotent cone by
Laumon [71], to emphasise the analogy with the nilpotent cone in Lie algebra.
This fibre has been studied from different perspectives, one of which is via the
moment map µ of the S1 action (E,Φ)→ (E, eiθΦ) as done in [57, 60]. In particu-
lar, note that given a stable bundle E, take Φ = 0, then the Higgs bundle (E, 0) is
stable and trivially fixed by the S1-action.
As shown in [56, Theorem 5.2], the nilpotent cone is preserved by the flow by µ
and it encodes the topology of the moduli space since points of MGC flow towards
the nilpotent cone. For a overview of work done concerning singular Higgs bun-
dles and Higgs bundles over the singular locus of the Hitchin fibration the reader
should refer to [6]. In particular, the nilpotent cone has primarily been studied
for SL(n,C) and GL(n,C), and much of its geometry remains unknown for the
moduli spaces of GC-Higgs bundles. For SL(n,C) and GL(n,C)-Higgs bundles,
the irreducible components of the nilpotent cone are labeled by connected com-
ponents of the fixed point set of the S1 action. The nilpotent cone can be also
considered for other types of Higgs bundles, and we shall make some comments
in Section 5 about the nilpotent cone appearing through hyperpolygons. Among
the components of the nilpotent cone for classical Higgs bundles is the moduli
space N of semistable bundles.
Other fibers over the singular locus of the Hitchin fibration have been the
subject of more recent research (e.g., see [11,30,52,64,92,97]). Since we will return
to singular fibres when studying branes of Higgs bundles, we shall conclude this
chapter with few short comments:
• In the case of GL(n,C)-Higgs bundles we mentioned that for generic
points of the Hitchin base, the corresponding fiber can be identified with
the Jacobian Jac(S) of the spectral curve S. When the spectral curve S is
not smooth but is integral, the corresponding fiber is seen to be the com-
pactified Jacobian [18,94–96] (see also [75, Fact 10.3] for a clear explanation).
The compactified Jacobian Jac(S) is the moduli space of all torsion-free
rank-1 sheaves on S, where the usual “locally-free” condition is missing.
Intuitively, the compactified Jacobian can be obtained by considering a
path of smooth curves St approaching a singular curve S0 which is the
base point of the nilpotent cone; since the limit of Jac(St) does not de-
pend on the choice of smooth family [68], this limit is Jac(S).
• For GL(n,C)-Higgs bundles whose spectral curve S is not integral, the
fine moduli space needs to be considered.
• For SL(2,C)-Higgs bundles, connectedness of the fiber of MSL(2,C) when
S is irreducible and has only simple nodes has been considered in [45,
§5.2.2], whilst a full description of the singular fibers is given in [52].
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3.4. Problem set II. This problem set is meant to make the reader used to spectral
data for complex Higgs bundles, and understand how it can be expressed in an
abelian manner. Moreover, it should provide an introduction to ways in which
one can study singular fibres of the Hitchin fibration. They provide a mixture of
problems from the lectures as well as some additional ones.
Problem 6. Spectral curves. Through its characteristic polynomial, a Higgs field
defines a natural spectral curve in the total space of the canonical bundle K. More-
over, the extra conditions satisfied by the Higgs field are reflected, in particular,
in the properties of this curve.
i. For which complex Lie groups among the types A,B,C,D, the spectral
curves defined by the corresponding Higgs field carry an involution?
ii. Considering low rank groups, find the conditions on a Higgs bundle
(E,Φ) for the Higgs field to define a spectral curve which has an order
4 automorphism (e.g. see [13]).
iii. By considering properties of characteristic polynomials from a Linear Al-
gebra perspective, give a description of two particular types of Higgs bun-
dles (E,Φ) for which the spectral curve S = {(detΦ− λ) = 0} has equation
{q3(λ) = 0} for some irreducible polynomial q(λ).
iv. Following on Problem 6.iii., for which Higgs bundles one has
(detΦ− λ) = qn(λ)
for some irreducible polynomial q(λ)?
Problem 7. Generic fibres. We have mentioned that by adding conditions to a
Higgs pair (E,Φ), one can obtain a description of a principal GC-Higgs bundle.
Equivalently, one may add conditions to the classical spectral curve S, and data
on it Jac(S) to recover principal Higgs bundles.
i. Use Grothendieck-Riemann-Roch to deg(E) = deg(L) + (n2 − n)(1 − g)
when considering spectral data for classical Higgs bundles.
ii. Show that when considering SL(n,C)-Higgs bundles, the condition
ΛnE ∼= O
is equivalent to requiring the spectral line bundle L to be in Prym(S,Σ).
iii. Show that the smooth SO(2n,C)-Hitchin fibres are Prym(Sˆ, Sˆ/σˆ), for Sˆ the
desingularization of the curve S associated to the regular base point.
iv. Show that when considering generic SO(2n + 1,C)-Higgs bundles, the
spectral curve S defined through the characteristic polynomial is never
smooth.
Problem 8. The Hitchin fibration. When considering a subspace of Higgs bun-
dles which has finite intersection with the regular locus, one can study its ge-
ometry and topology though the monodromy action as well as through other
involutions.
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i. There is a natural involution σs on the Lie algebra gC given by
σs([ad f0]nei) = (−1)n+1[ad f0]nei.
This automorphism is uniquely defined by σs(ei) = −ei and σs(f0) = −f0.
Show that −σs on gC acts trivially on the ring of invariant polynomials of
the Lie algebra gC.
ii. Show that for non-split real forms G, the characteristic polynomial of a
G-Higgs field defines a reducible curve.
iii. ((*)) Generalize [19] to define generalized parabolic GC-Higgs bundles on
X, as well as a Hitchin fibration.
Problem 9. Singular fibres. Consider SU(p,p + q)-Higgs bundles (V ⊕W,Φ),
whose characteristic polynomial is
det(η−Φ) = ηq(η2p + a2η2p−2 + . . .+ a2p−2η2 + a2p),
with natural involution σ : η 7→ −η as in (3.9).
i. For q = 0, consider line bundles U1 and U2 on
p¯i : S = S/σ→ Σ,
such that p¯i∗U1 = V and p¯i∗U1 = W, and express ΛpV and ΛpW and
ΛpV ∼= ΛpW∗ in terms of Ui.
ii. For p = 2 and q = 0 the quotient curve S¯ of Problem 9.i. is a double cover
of the Riemann surface Σ. Describe any additional geometric structure
appearing from the fact that the Higgs bundle has low rank.
iii. ((*)) How can the structure of an SO(2, 4)-Higgs bundle appear through
the data described in Problem 9.ii.?
iv. ((*)) Consider p = 2 and q = 2 and give a description of spectral data
that could be associated to U(2, 4)-Higgs bundles – see [11] for details on
spectral data for orthogonal Higgs bundles with signature.
Problem 10. Parabolic Hitchin fibration As explained in [10], the moduli space of
parahoric Higgs bundles, and in particular of parabolic Higgs bundles as defined
in the previous chapter, carry a Hitchin map which is a Poisson map whose
generic fibres are abelian varieties. Using the paper [10], think of parabolic Higgs
bundles in terms of parahoric Higgs bundles:
i. Explain the relation between parahoric Higgs bundles and parabolic Higgs
bundles;
ii. By considering the parahoric global nilpotent cone, describe the fibre over
0 for parabolic G-Higgs bundles in terms the cotangent bundle of BunG.
iii. Give a summery of how to establish that the Hitchin map on the moduli
of polystable parabolic Higgs bundles is proper.
iv. Consider parabolic SL(4,C)-Higgs bundles, and give a comparison of the
Hitchin maps defined in [72] and [10].
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4. Branes in the moduli space of Higgs bundles
If people do not believe that mathematics is simple, it is only because they do
not realize how complicated life is.
John von Neumann
The appearance of Higgs bundles (and flat connections) within string theory
and the geometric Langlands program has led researchers to study the derived
category of coherent sheaves and the Fukaya category of these moduli spaces. There-
fore, it has become fundamental to understand Lagrangian submanifolds of the
moduli space of Higgs bundles supporting holomorphic sheaves (A-branes), and
their dual objects (B-branes). The space of solutions to Hitchin’s equations (2.7)–
(2.8) is a hyperkähler manifold, and thus there is a family of complex structures
from which we shall fix I, J,K obeying quaternionic equations, following the no-
tation of [17, 60, 69]. In particular, under this convention the smooth locus of
MGC corresponds to the space of solutions to Hitchin’s equations with structure
I. Throughout this notes we shall adopt the physicists’ language in which a La-
grangian submanifold supporting a flat connection is called an A-brane, and a
complex submanifold supporting a complex sheaf is a B-brane. By considering
the support of branes, we shall refer to a submanifold of a hyperkähler manifold
as being of type A or B with respect to each of the structures, and hence one may
consider branes of type
(B,B,B), (B,A,A), (A,B,A) and (A,A,B).
We shall dedicate this chapter to the construction, description, and study of
such branes, by considering additional structure on the Riemann surface Σ and
on the complex Lie group GC:
• Branes through finite group actions on Riemann surface Σ. Finite group
actions
Γ × Σ → Σ on compact connected Riemann surfaces have long been con-
sidered, and through these actions we shall consider (B,B,B)-branes ap-
pearing through Γ -equivariant representations following [22, 59].
• Branes through anti-holomorphic involutions. We have seen before that
anti-holomorphic involutions can be used to define real Higgs bundles, as
initiated in [62]. By considering real structures on the Riemann surface
and their compositions with group involutions, we shall define (B,A,A),
(A,B,A) and (A,A,B)-branes following [15, 17] (see also [90]). These con-
structions will play a special role later on when considering hyperpoly-
gons following [85] in the final chapter of these notes.
4.1. Branes through finite group actions. As shown in [59], a natural way to
define (B,B,B)-branes in the moduli spaces of complex Higgs bundles is though
the action of a finite group Γ on the base Riemann surface of genus g. When
the genus is 2 or 3, a complete classification of all finite group actions appears in
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[31, Tables 4, 5], which allows one to perform explicit calculations in those cases.
Moreover, in the case of actions induced on rank 2 bundles through automor-
phisms of Σ, a very concrete description of the fixed points in terms of parabolic
structures is given in [3].
Within this setting, a much studied question is the appearance of flat Γ -equi-
variant GC-connections on Σ, for which one needs to fix a C∞ trivialization
Cn = Σ× Cn → Σ of the underlying vector bundle. There are a few different
perspectives on Γ -equivariant flat connection on a Riemann surface Σ, and here
we shall consider the definition of [59], through which a Γ -equivariant flat con-
nection is a flat connection ∇ on Cn → Σ such that for every φ ∈ Γ there exist a
GL(n,C)-gauge transformation gφ : Σ→ GL(n,C) for which
• φ∗∇ = ∇ · gφ,
• and φ 7→ gφ a generalized group homomorphism, i.e., such that
gid = id
g(φ◦τ)(p) = gτ(p) ◦ gφ(τ(p)).
Consider GC = GL(n,C), SL(n,C), and Γ × Σ → Σ a finite group action by
holomorphic automorphisms without fix points. Then, any Γ -equivariant flat GC-
connection is given by the pull-back of a flat GC(n,C)-connection on Σ/Γ (e.g. see
[59, Proposition 1]). When the action has fixed points, the image B ⊂ Σ/Γ of the
fixed points gives the branch points of the ramified cover
piΓ : Σ→ Σ/Γ ,
and thus any Γ -equivariant flat GC-connection is given by the pull-back of a flat
GC-connection on Σ/Γ − B (e.g. see [59, Proposition 2]). From the definition of
Γ -equivariant flat connections it follows that a Γ -equivariant flat irreducible GC-
connection ∇ on Σ, gives rise to a Γ -equivariant connection ∇ · g for g : Σ→ GC a
gauge transformation, which corresponds to the same point in the moduli space
of flat (possibly singular) GC-connections on Σ/Γ (e.g. see [59, Lemma 1]).
Example 4.1. To illustrate the appearance of equivariant connections (and thus
of equivariant Higgs bundles) consider the following example from [59]. Let Σ
be a compact Riemann surface of genus 3 admitting a fixed point free involution
φ : Σ → Σ. Through this action, one has a double cover to the quotient Riemann
surface M := Σ/Z2 of genus 2.
Let ∇ be a flat unitary line bundle connection which is not self-dual, and such
that φ∗∇ = ∇∗. Then,
∇⊕∇∗
is a Z2-equivariant flat connection on Σ, with a corresponding irreducible flat
connection on Σ/Z2.
By considering different finite group actions of a group Γ on a Riemann surface
Σ of genus g > 2, in [59, Theorem 8] it is shown that the connected components
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of the space of gauge equivalence classes of irreducible Γ -equivariant flat GC-
connections are hyperkähler submanifolds of the moduli space of flat irreducible
GC-connections on Σ, and hence give (B,B,B)-branes in the moduli space of GC-
Higgs bundles.
When GC = SL(2,C), from the above, any component of the moduli space
of flat Γ -equivariant SL(2,C)-connections on Σ can be identified with the mod-
uli space of flat SL(2,C)-connections or PSL(2,C)-connections on a n-punctured
compact Riemann surface of genus γ, for n ∈ N satisfying some compatibility
conditions. furthermore, more can be said about the type of fixed point sets of
the induced involution on the moduli spaces of Higgs bundles by the finite group:
Theorem 4.2 ([59] Theorem 11). Let Σ be a compact Riemann surface of genus g > 2
and Γ be a finite group acting on Σ by holomorphic automorphisms such that a component
of the moduli space of Γ -equivariant flat SL(2,C)-connections on Σ has half the dimension
of the moduli space Mg. Then one of the following holds:
(I) Γ = Z2 acts by a fix-point free involution on Σ, or
(II) Σ is hyperelliptic of genus 3 and Γ = Z2 ×Z2.
In the later case (II), one of the Z2-factors corresponds to the hyperelliptic involution,
whilst the other Z2-factor corresponds to an involution with 4 fixed points.
It is interesting to note that all genus 3 Riemann surfaces with fixed point free
actions must be hyperelliptic (see [59, Proposition 21]) and thus a hyperelliptic
Riemann surface of genus 3 with an additional involution with 4 fixed points is
the same as Riemann surface of genus 3 with a fixed point free involution.
From the above, fixed point free involutions become of particular interest. In
particular, for SL(2,C)-Higgs bundles, it is shown in [59, Proposition 23] that
given a fixed point free involution τ, a flat and irreducible τ-invariant SL(2,C)-
connection on a Riemann surface of genus 3 is equivariant with respect to the
hyperelliptic involution. It should be noted that irreducibility is not a necessary
condition to be in an equivariant brane, since there exist flat reducible connec-
tions on Riemann surfaces which correspond to irreducible connections on the
hyperelliptic genus 2 quotient Riemann surface surface.
The geometry of these branes can be studied, in particular, by considering
their intersection with the Hitchin fibration – as was done in the last chapter
when considering real Higgs bundles. For the branes within the moduli space of
SL(2,C)-Higgs bundles, one can see them expressed in terms of Prym varieties:
Theorem 4.3 ([59] Theorem 14). Let τ be a fix point free involution. The τ-equivariant
(B,B,B)-brane intersects a generic fibre of the corresponding Hitchin fibration over a
point defining the spectral curve S in the abelian variety Prym(S/τ,Σ/τ)/Z2.
Following [59] and [22], one may define anti-equivariant Higgs bundles (∂¯,Φ)
with respect to a fix point free involution τ, as pairs given by a τ-equivariant
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holomorphic structure ∂¯ and a Higgs field Φ which satisfies
τ∗Φ = −g−1 ◦Φ ◦ g,
where g is the gauge transformation such that τ∗∂¯ = ∂¯.g and (g ◦ τ)g = id. These
Higgs bundles form examples of Lagrangians subspaces in the moduli space of
Higgs bundles, and whilst they can be defined for compact Riemann surfaces
of any genus, we shall restrict our attention here to odd genus following [59]
(the more general setting is treated in [22]). Indeed, it is shown in [59, Proposi-
tion 15] that anti-equivariant SL(2,C)-Higgs bundles for connected components
in MSL(2,C) which are complex submanifolds with respect to the complex struc-
ture I and Lagrangian with respect to the complex structures J and K, and thus
define (B,A,A)-branes. Finally, we should mention that interesting research di-
rections arise from [59] when considering generalizations of the results appearing
there for more general groups.
4.2. Branes through anti-holomorphic involutions. Branes of different types
can be obtained by considering anti-holomorphic involutions both on the compact
Riemann surface as well as on the complex Lie group, and this is the perspective
of [15,17] and which we shall describe in what remains of the chapter. Following
[62] and recalling the previous analysis in the first chapter about Higgs bundles
for real groups, one has the following description of G-Higgs bundles considered
in [89]:
Proposition 4.4. Let G be a real form of a complex semi-simple Lie group GC, whose
real structure is σ. Then, G-Higgs bundles are given by the fixed points in MGC of the
involution ΘG acting by
ΘG : (P,Φ) 7→ (θ(P),−θ(Φ)),
where θ = ρσ, for ρ the compact real form of GC.
One should note that a fixed point of ΘG in MGC in Proposition 4.4 gives a
representation of pi1(Σ) into the real form G up to the equivalence of conjugation
by the normalizer of G in GC. This may be bigger than the Lie group G itself,
and thus two distinct classes in MG could be isomorphic in MGC via a complex
map. Hence, although there is a map from MG to the fixed point subvarieties in
MGC , this might not be an embedding. A description of this phenomena in the
case of rank 2 Higgs bundles is given in [88, Section 10], where one can see how
the SL(2,R)-Higgs bundles which have different topological invariants lie in the
same connected component as SL(2,C)-Higgs bundles.
The point of view of Proposition 4.4, which is considered throughout [89],
fits into a more global picture described in [15, 17], through which families of
(B,A,A), (A,B,A) and (A,A,B) branes in MGC appear as the fixed point sets
involutions arising from a real form σ on a complex Lie group and a real structure
f on a Riemann surface. A real structure5 on a compact connected Riemann
5Anti-involutions on Σ are also found in the literature as an anti-conformal maps (e.g. see [32])
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surface Σ is an anti-holomorphic involution f : Σ → Σ. The classification of real
structures on compact Riemann surfaces is a classical result of Klein, who showed
that all such involutions on Σ may be characterised by two integer invariants
(n,a): the fixed point set of f is known to be a disjoint union of n copies of
the circle embedded in Σ; the complement of the fixed point set has one or two
components, corresponding to a = 1 or a = 0 respectively. A real structure f on
the Riemann surface Σ induces involutions on the moduli space of representations
pi1(Σ)→ GC, of flat connections and of GC-Higgs bundles on Σ.
• From the Cartan involution θ of G one obtains a (B,A,A)-brane fixed by
(4.5) i1(∂¯A,Φ) = (θ(∂¯A),−θ(Φ)).
• From a real structure f : Σ→ Σ one obtains an (A,B,A)-brane fixed by
(4.6) i2(∂¯A,Φ) = (f∗(∂A), f∗(Φ∗)) = (f∗(ρ(∂¯A)),−f∗(ρ(Φ))).
• Lastly, by looking at i3 = i1 ◦ i2, one obtains an (A,A,B)-brane fixed by
i3(∂¯A,Φ) = (f∗σ(∂¯A), f∗σ(Φ)).
In what follows we shall give an overview of the above branes in terms of
their geometry and topology, and describe how they can be studied though the
Hitchin fibration. Generalizations of the above methods from [15, 17] have now
been obtained for many other moduli spaces – e.g. see [43, 44, 66, 85] among
others.
4.2.1. The (B,A,A)-brane of G-Higgs bundles. As mentioned in the first Lec-
ture, the moduli spaces MGC have a natural symplectic structure, which we de-
noted by ω. Moreover, following [61], an involution ΘG from Proposition 4.4,
which corresponds to i1 in (4.5), sends ω 7→ −ω. Thus, at a smooth point, the
fixed point set must be Lagrangian and thus the expected dimension of MG is
half the dimension of MGC . These branes of real G-Higgs bundles can be seen
sitting inside MGC as fixed points of ΘG in the preserved fibres over the Hitchin
base AGC .
By considering Cartan’s classification of classical Lie algebras, we can describe
the different involutions i1 that can be considered on the moduli spaces of GC-
Higgs bundles. For this, we denote by Ip,q, Jn and Kp,q the matrices
Ip,q =
(
−Ip 0
0 Iq
)
, Jn =
(
0 In
−In 0
)
, Kp,q =

−Ip 0 0 0
0 Iq 0 0
0 0 −Ip 0
0 0 0 Iq
 .
Recalling that the cartan involution ΘG of Proposition 4.4 is obtained θ = ρσ,
for ρ the compact real form of GC and σ an anti-holomorphic involution of GC
fixing a real form G, we consider the following compact and split real forms:
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gc GC Split form Compact form u anti-involution ρ fixing u dim u
an sl(n,R) su(n) ρ(X) = −X
t
n(n+ 1)
bn so(n,n+ 1) so(2n+ 1) ρ(X) = X n(2n+ 1)
cn sp(2n,R) sp(n) ρ(X) = JnXJ−1n n(2n+ 1)
dn so(n,n) so(2n) ρ(X) = X n(2n− 1)
Table 4.7. Compact forms u of classical Lie algebras
Then, the following table allows one to see the different possible values that θ
may take in terms of the anti-holomorphic involutions on the complex Lie alge-
bras.
gc Real form G σ fixing G θ = ρσ
an SL(n,R) σ(X) = X θ(X) = −Xt
SU∗(2m) σ(X) = JmXJ−1m θ(X) = −JmXtJ−1m
SU(p,q) σ(X) = −Ip,qX
t
Ip,q θ(X) = Ip,qXIp,q
bn SO(p,q) σ(X) = Ip,qXIp,q. θ(X) = Ip,qXIp,q
cn Sp(2n,R) σ(X) = X θ(X) = JnXJ−1n
Sp(2p, 2q) σ(X) = −Kp,qX∗Kp,q. θ(X) = Kp,qXKp,q
dn SO(p,q) σ(X) = Ip,qXIp,q. θ(X) = Ip,qXIp,q
SO∗(2m) σ(X) = JmXJ−1m . θ(X) = JmXJ−1m
Table 4.8. Non-compact forms G of classical Lie algebras GC
Example 4.9. One can see SO(p,p+ q)-Higgs bundles as fixed points of the in-
volution ΘSO(p,p+q) : (E,Φ) 7→ (E,−Φ) on the moduli space of SO(2p+ q,C)
corresponding to vector bundles E which have an automorphism f conjugate to
Ip,p+q sending Φ to −Φ and whose ±1 eigenspaces have dimensions p and p+q.
In what follows we shall give a summary of different appearances of the
(B,A,A)-brane of G-Higgs bundles as the fixed point set of the induced action of
i1 from (4.5) on the Hitchin fibration. In particular, these branes may intersect the
regular fibres of the Hitchin fibration in very different ways:
• Finite intersection with the regular fibres. As mentioned before, from
[89, Theorem 4.12], the (B,A,A)-brane of G-Higgs bundles for G a split
real form of GC intersects the fibres of the Hitchin fibration in points
of order two. Since we have given an overview of this case in previous
chapters, we shall not consider them any further here (see [11, 29, 88, 89,
92, 97] for papers treating the spectral data for split real forms).
• Positive dimensional intersection with the regular fibres. The (B,A,A)-
brane of U(p,p)-Higgs bundles in MGL(2p,C), as seen in Exercise II.(4),
and of SU(p,p) in MSL(2p,C) intersects the regular fibres in finite dimen-
sional abelian varieties given by Jacobians or Prym varieties of quotient
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spectral curves, as shown in [89, 91]. Having mentioned the spectral data
for these objects in previous chapters, we shall dedicate the reminder of
this section to the third possibility described below.
• Empty intersection with the regular fibres. From the structure of real
Higgs bundles, as shown in [89], the characteristic polynomial for non-
split Higgs bundles for real forms other than U(p,p) and SU(p,p) will
define reducible spectral curves and thus their (B,A,A)-brane will lie com-
pletely over the discriminant locus of the Hitchin fibration. These branes
can be shown to intersect the non-regular fibres of the Hitchin fibration in
different ways, and below we shall consider three different cases:
– Abelian spectral data. Examples of these come from quasi-split but
not split real forms. For these groups, it is shown that the Cameral
data for the groups SU(p,p+ 1) and SO(p,p+ 2) should be abelian
in [82], and the abelian spectral data for SO(p,p+ 2)-Higgs bundles
is described in [11].
– Non-Abelian spectral data. Higgs bundles for certain groups will
carry natural non-abelian spectral data describing the intersection of
their (B,A,A)-brane with the non-regular fibres of the Hitchin fibra-
tion. To study this situation, one can consider Higgs bundles (E,Φ)
whose generic eigenspace is r-dimensional, and det(xI−Φ) = p(x)r
for some polynomial p(x): since the Hitchin map is surjective, these
cases certainly occur. For r = 2, by extending the approach from [89],
it is shown in [64] a “nonabelianization” procedure appearing when
considering Higgs bundles corresponding to flat connections on Σ
with holonomy in the real Lie groups G = Sp(2p, 2p), SL(p,H) and
SO(2p,H) (the latter two also known as SU∗(2p) and SO∗(2p) re-
spectively), spectral data is given by certain subspace of rank 2 Higgs
bundles on a spectral curve.
– Abelian and Non-Abelian spectral data. Interestingly, the generic in-
tersection of certain (B,A,A)-branes with the Hitchin fibration needs
abelian and non-abelian data to be described. This is the case, in
particular, of SO(p+ q,p)-Higgs bundles and Sp(2p+ 2q, 2p)-Higgs
bundles described in [11]. In this setting, the Higgs field has generi-
cally a kernel of dimension 2q, and its characteristic polynomial has
a degree 4p polynomial which generically defines a smooth curve.
By considering this smooth curve and abelian data on it, as well as
an auxiliary spectral cover with non-abelian data on it, a geometric
description of the brane through “Cayley and Langlands type correspon-
dences” is obtained in [11] and will be described below.
In what follows we shall give some examples of branes which lie completely
over the discriminant locus of the Hitchin fibration, mostly following the work in
[64] and [11].
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4.2.2. Nonabelianization. Following the Definition 2.13 consider the following:
• SL(n,H)-Higgs bundles consisting of a rank 2n symplectic vector bun-
dle (V ,ω) and a Higgs field satisfying Φ = ΦT for the symplectic trans-
pose. Using ω to identify V and V∗, this means that Φ = ω−1φ for
φ ∈ H0(Σ,Λ2V ⊗K).
• SO(2p,H)-Higgs bundle whose vector bundles V = W ⊕W∗ for a rank
2p vector bundle W. The inner product is defined by the natural pairing
betweenW andW∗. The Higgs field is of the form Φ(w, ξ) = (β(ξ),γ(w))
where β :W∗ →W ⊗K and γ :W →W∗ ⊗K are skew-symmetric.
• Sp(2p, 2p)-Higgs bundles, which have vector bundle W1 ⊕W2 for sym-
plectic rank 2p vector bundles (W1,ω1), (W2,ω2) and the Higgs field
is of the form Φ(v,w) = (β(w),γ(v)) where β : W2 → W1 ⊗ K and
γ :W1 →W2 ⊗K with β = −γT , using the symplectic transpose.
The spectral data for the above Higgs bundles is described in [64] by means of
rank 2 vector bundles, and can be summarised as follows by considering rank an
SL(2n,C)-Higgs bundles (V ,Φ) on a compact Riemann surface Σ of genus g > 2,
whose Higgs field has characteristic polynomial
(4.10) det(Φ− η) = (ηn + a2xn−2 + · · ·+ an)2.
It should be noted that Higgs bundles for the groups SL(n,H), SO(2p,H) and
Sp(2p, 2p) lie within tis setting, by letting n = 2p. By considering ai ∈ H0(Σ,Ki)
and η the tautological section as before, the above polynomial defines a generi-
cally smooth spectral curve
(4.11) S = {
√
det(Φ− η) = 0}.
Theorem 4.12 ([64]). Consider a rank an SL(2n,C)-Higgs bundle (E,Φ) with charac-
teristic polynomial as in (4.10). Given a rank 2 vector bundle E on the curve S defined
as in (4.11), the direct image of η : E → E⊗ pi∗K defines a semi-stable SL(n,H)-Higgs
bundle on Σ if and only if
(i) Λ2E ∼= pi∗Kn−1
(ii) E is semi-stable.
When n = 2p, the curve S in (4.11) has a natural involution σ : η 7→ −η. In this case,
the direct image of η : E→ E⊗ pi∗K defines a semi-stable SO(2p,H)-Higgs bundle on Σ
if and only if (i) and (ii) hold, as well as
(iii) σ∗E ∼= E where the induced action on Λ2E = pi∗K4p−1 is trivial.
Finally, the direct image of η : E → E⊗ pi∗K defines a semi-stable Sp(2p, 2p)-Higgs
bundle if and only if (i) and (ii) hold, as well as
(iv) σ∗E ∼= E where the induced action on Λ2E = pi∗K2m−1 is −1.
Interestingly, as noted in [89] and [64], when considering Sp(2p, 2p)-Higgs
bundle one has an action of σ by −1 on Λ2E, and thus at a fixed point one has
distinct +1 and −1 eigenspaces. Following [3] this defines a rank 2 bundle on the
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quotient curve pi ′ : S¯ := S/σ → S with a parabolic structure at the fixed points
defined by the flag given by the −1 eigenspace and the parabolic weight 1/2,
thus closely related to parabolic Higgs bundles as described in Chapter 1. The
direct image of E on the quotient curve gives a rank 2 vector bundle which can be
decomposed into line bundles E+ ⊕ E− through the invariant and anti-invariant
sections under the induced action of σ. rank 4p vector bundle can be recovered
through the quotient curve by taking p¯i(E+) =W1 and p¯i(E+) =W2 for p¯i the rank
2p-projection p¯i : S¯ → Σ. Moreover, through the Lefschetz fixed point formula,
the degrees of W1,W2 can be expressed in terms of those of E±.
4.2.3. Cayley and Langlands type correspondences . Recall that SO(p+ q,p)-
Higgs bundles give a (B,A,A)-branes which for most values of p,q ∈N, require
both abelian and non-abelian data to be described within the Hitchin fibration.
From Definition 2.13, the characteristic polynomial of a generic SO(p + q,p)-
Higgs bundle (V ⊕W,Φ) can be written as
det(Φ− η) = ηq(η2p + a1x2p−2 + · · ·+ ap),
and defines a generically smooth spectral curve pi : S→ Σ given by
(4.13) S = {0 = η2p + a1x2p−2 + · · ·+ ap},
taking ai ∈ H0(Σ,K2i) and η the tautological section of pi∗K. As in other cases,
since the polynomial defining S in (4.13) only has even coefficients, there is a
natural involution σ : η 7→ −η through which one can define the quotient curve
p¯i : S¯ := S/σ→ Σ.
From [11, Theorem 4.11], there is a one-to-one correspondence between SO(p+
q,p)-Higgs bundles and the triple of spectral data (L,M, τ) given by:
(i) A line line bundle L ∈ Jac(S¯)[2], space of torsion two line bundles of
degree zero on S¯;
(ii) A rank q equivariant orthogonal bundle M of type (q− 1, 1) on the 2-fold
auxiliary curve C := {0 = η2 − ap} ⊂ Tot(Kp), for ap as in (4.13), with a
choice of orientation, and satisfying the following semistability condition:
all invariant isotropic subbundles M ′ ⊂M have deg(M ′) 6 0;
(iii) A choice of isometry τ over each zero x of a1, between the corresponding
fibres ofW and those of the −1-eigenspaceM− ofM, giving the extension
data needed between (i) and (ii). This extension data may be identified
with a collection {τx} of unit vectors τx ∈ Lx for each ramification point x
of C.
In the above description, the spectral curve C has a sheet swapping involution
σC : C → C defined by σC(η) = −η. Then, the equivariant orthogonal bundle
(M,QM, σ˜C) is said to have type (q− 1, 1) if the lift of the involution to M has
±1 eigenspaces of dimensions (q− 1, 1).
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From the above, one can see the intersection of the (B,A,A)-brane of SO(p+
q,p)-Higgs bundles with a fibre of the SO(2p + q,C) Hitchin fibration over a
point a is identified with a covering of the product of two moduli spaces:
MCay(a)×MLan(a).
The covering in question corresponds to extension data τ in (iii) above. The Cay-
ley and Langlands moduli spaces MCay(a) and MLan(a) are given as follows:
• MCay(a) is a fiber of the Hitchin map for the moduli space of K2-twisted
GL(p,R)-Higgs bundles on Σ, which can be identified with Jac(S¯)[2] in (i)
above.
• MLan(a) is the moduli space of equivariant SO(q)-bundles M on C in (ii)
above
As explained in [11], the reconstruction of the SO(p+q,p)-Higgs bundle (E,Φ)
from the spectral data involves taking an extension of the form
0→ V0 → E→ F⊗K1/2 → 0,
where F is the Sp(2p,R)-Higgs bundle associated to the Cayley moduli space, and
V0 is the invariant direct image under piC : C → Σ of the equivariant orthogonal
bundle M on C. The extension data τ is given by the extension class defining the
above extension, leading to the following conjecture.
Conjecture 4.14. The extra components in the moduli space of SO(p+q,q)-Higgs bun-
dles conjectured to contain positive representations by Guichard and Wienhard [53, Con-
jecture 5.6] are those connected components containing Higgs bundles whose spectral
data (L,M, τ) has the form (pi∗I,O⊕q, τ), where I is a non-trivial Z2-line bundle on the
Riemann surface Σ.
4.2.4. The (A,B,A)-brane from a real structure on the Riemann surface. As
mentioned before, given a real structure f : Σ → Σ there is a natural (A,B,A)-
brane of Higgs bundles described in [15, 17] appearing as the fixed point set of
the induced involution
i2(∂¯A,Φ) = (f∗(∂A), f∗(Φ∗)) = (f∗(ρ(∂¯A)),−f∗(ρ(Φ))).
These branes can be studied through the spectral data associated to GC-Higgs
bundles introduced in [61], and considering the (A,B,A)-brane as sitting inside
the corresponding Hitchin fibration. By doing so, new examples of real inte-
grable systems are obtained in [15] over a real subspace of the base of the Hitchin
fibration:
Theorem 4.15 ([15] Theorem 17). If (A,B,A)-brane contains smooth points then the
intersection of the brane with the Hitchin fibration gives a Lagrangian fibration with
singularities. The generic fibre is smooth and consists of a finite number of tori.
In the case of GC = GL(n,C), the number of components that each fibre in
Theorem 4.15 has can be expressed in terms of the number of components of the
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fixed point set of an induced involution on the spectral curves ([15, Proposition
32]). Moreover in the rank 2 case the calculations lead to an exact formula in
terms of the associated quadratic differential:
Theorem 4.16 ([15]). Let q ∈ H0(Σ,K2) be a quadratic differential which has only
simple zeros and such that f∗(q) = q, and consider the spectral curve
S = {0 = η2 − q} ⊂ Tot(K).
Let n+ be the number of fixed components of f on which q is non-vanishing and positive,
and u the number of zeros of q which are fixed by f. Then the number of components
of the induced involution on the generic fibre Jac(S) of the GL(2,C) Hitchin fibration,
giving the components of the (A,B,A)-brane, is 2d, where
d =
{
2n+ + u2 − 1 if 2n+ +
u
2 > 0
1 otherwise
.
Moreover, for SL(2,C) can be specified further when considering the Prym
variety Prym(S,Σ), as seen in [15, Theorem 38].
Theorem 4.17 ([15]). Considering the setting of Theorem 4.16 and suppose that at least
one branch point of S is fixed by f. Then the fixed point set of the action of f˜ on Prym(S,Σ)
has
2n0+
u
2 −1
connected components, where n0 is the number of fixed components of f : Σ → Σ which
do not contain branch points, and u is the number of branch points which are fixed by f.
The study of these (A,B,A)-branes allows one to consider the following prob-
lem: given a 3-manifoldMwith boundary Σ, by restricting representations pi1(M)
to the boundary gives a natural map
Rep(pi1(M),GC)→ Rep(pi1(Σ),GC),
and one can show that representations that extend from the boundary to the
three manifold always define an (A,B,A)-brane inside MGC . Whilst a general
description of these (A,B,A)-branes appearing though 3-manifolds is not avail-
able, a first step towards understanding them is to consider the (A,B,A)-branes
constructed in [17] as part of a triple through (4.6), fixed by the involution i2 in
(4.6). Indeed, consider the the 3-manifolds
M = Σ× [−1, 1]/(x, t) 7→ (f(x),−t),
a form which any handle body can be put in, one can see that the quotient M is
a 3-manifold with boundary ∂M = Σ.
Theorem 4.18 ([17]). Let (E,Φ) be a fixed point of i2 with simple holonomy. Then the
associated connection extends over M as a flat connection iff the class [E] ∈ K˜0Z2(Σ) in
the reduced equivariant K-theory is trivial.
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4.3. Problem set III. This problem set is meant to make the reader be acquainted
with actions on Riemann surfaces and on groups, and their induced actions on
the moduli space of Higgs bundles. They provide a mixture of problems from
the lectures as well as some additional ones.
Problem 11. textbfTopological invariants. The topological invariants associated
to (W1 ⊕W2,Φ) in the (B,A,A)-brane of U(p,q)-Higgs bundles are the degrees
deg(W1) and deg(W2). In the case of p = q, from [91] the invariants can be seen
in terms of the degree of the line bundle L on S and the number of ramification
points of S over which the linear action of σ on the fibre of L is −1. These
invariants satisfy several properties we shall see here:
(i) Use the Lefschetz fixed point formula in [9, Theorem 4.12] to see that the
parity of the degree of L and the number of points over which σ acts as
−1 needs to be the same.
(ii) Following [86], the Toledo invariant τ(deg(W1), deg(W2)) associated to
U(p,p)-Higgs bundles is defined as τ(deg(W1), deg(W2)) := deg(W1) −
deg(W2). Use Exercise 11 to express the invariant in terms of fixed points
of σ and obtain natural bounds.
(iii) ((*)) In the case of SU(p,p)-Higgs bundles with maximal Toledo Toledo
invariant the spectral data is given by a covering of Prym(S/σ,Σ). For
SU(p,p+ 1)-Higgs bundles, the Cameral data can be used to obtain the
spectral data as seen in [83]. Use the tools of [91] together with those of
[104] to obtain a description of the SU(p, 1) spectral data.
Problem 12. (B,B,B)-branes from finite group. Recall that the dimension of
the moduli space of flat space is SL(2,C)-connections on a Riemann surface Σ
of genus g is dimMg = 6g − 6, and the dimension of the moduli space Mγ,n
of flat SL(2,C)-connections on a n-punctured Riemann surface of genus γ with
fixed local monodromies (with simple eigenvalues) is dimMγ,n = 6γ− 6 + 2n,
provided that either γ > 2, or that γ > 1 and n > 1, or finally that γ = 0 and
n > 4. Otherwise, the dimension of Mγ,n is either 0 or 2.
i. Use Riemann-Hurwitz to give a relation between the genus g and γ of the
Riemann surfaces Σ and Σ/Zp.
ii. Let g > 2, and Γ be a finite group of order h acting on Σ by holomorphic
automorphisms. Using Problem 12.i., show that if a component of the
moduli space of equivariant flat SL(2,C)-connections on Σ has half the
dimension of Mg, then h = 2k for some natural number k ∈N.
iii. What can you say about the genus g = 1 case in Problem 12.ii.?
Problem 13. Equivariant and anti-equivariant spectral data. Given a compact
Riemann surface Σ, double covers of Σ can be constructed through holomorphic
sections s ∈ H0(Σ,L2), for L a holomorphic line bundle on Σ. Restricting to
sections which have simple zeros, there is a double cover pi : S→ Σ branched over
the zeros of s such that a square root t ∈ H0(S,pi∗L) satisfying t2 = s exists.
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i. When considering the Hitchin fibration, the smooth loci in the Hitchin
base is given by sections in H0(Σ,K2) with simple zeros. Consider instead
L = K2 and prove the there is a (unique) double cover p¯i : S¯→ Σ branched
over the zeros of s ∈ H0(Σ,L2) such that a square root t ∈ H0(S,pi∗L)
satisfying t2 = s exists.
ii. Note that for Φ an SL(2,C)-Higgs field with spectral line bundle L, the
Higgs field Φ has spectral line bundle σ∗L, where σ is the natural invo-
lution switching the sheets of the 2-fold spectral curve. Show that anti-
equivariant SL(2,C)-Higgs bundles with respect to a fixed point free in-
volution τ acting on Σ have spectral data determined by
P∨ := {L ∈ Jac(S) | σ∗L = L∗, τ∗L = L∗} ⊂ Prym(S,Σ).
iii. Recalling that Higgs bundles for split real forms correspond to torsion
two points in the Hitchin fibres for complex Higgs bundles, show a similar
result to Problem 13.ii. for SL(2,R)-Higgs bundles.
Problem 14. (B,A,A)-branes from real structures. We have seen how real Higgs
bundles can be defined through involutions on the Lie algebras. These actions
can also be considered to understand properties of the spectral data description
of the brane, as well as of the topological invariants labelling components of the
brane.
i. The associated involution θ from Table 4.8 decomposes u = h⊕ im. Give
an explicit description of m and h and of the real form g = h⊕m.
ii. ((*)) Nonabelianization of the fixed point set of ΘSp(2p,2p) can also be
seen through Cameral covers, as shown in [83]. Realise the action of σ in
terms of Cameral covers.
iii. ((*)) Considering the notion of “strong real form” from [1], describe the
corresponding Higgs bundles and give a definition of ΘG for which one
does not have the problem described in the above paragraph.
Problem 15. (A,B,A)-branes from real structures. Let Σ be of genus 2 with a
real structure f whose invariants are (n,a) = (3, 0).
Consider an SL(2,C)-Higgs bundle with spectral curve S = {0 = η2 − q} for q
a quadratic differential with simple zeros. For z ∈ Σ, the involution f induces an
involution f˜(η, z) = (f∗(η), f(z)).
i. What is the effect of replacing q by αq for α ∈ R+? What about replacing
q by −q?
ii. Suppose Σ is hyperelliptic and describe the system of quadratic differen-
tials on Σ through two points a1,a2 ∈ P1.
iii. What are the conditions on a1 and a2 from Problem 15.ii. to obtain a
quadratic differential q with f∗(q) = q?
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5. Higgs bundles and correspondences
In recent times, a good number of the most striking resolutions of longstanding
problems have come about from an unexpected combination of ideas from
different areas of mathematics.
Sir Michael Atiyah
When considering the moduli space of Higgs bundles for complex groups, one
may ask which correspondences it has with other moduli spaces (of Higgs bun-
dles or of other mathematical objects), and whether any of its subspaces have
interesting correspondences and interpretations. In what fallows we shall de-
scribe a few of these for the whole moduli spaces of Higgs bundles, as well as for
branes of Higgs bundles as defined in Chapter 4.
5.1. Group homeomorphisms. Given a fixed Riemann surface Σ and a homo-
morphism between two Lie groups
(5.1) Ψ : GC → G ′C,
there is a naturally induced map between representation spaces
Ψ : Rep(Σ,GC)→ Rep(Σ,G ′C),
for Rep(Σ,G) the space of representations modulo conjugation. As mentioned
in the beginning of the notes, there is a correspondence between surface group
representations and Higgs bundles, and hence there should be similar induced
morphism of GC-Higgs bundle moduli spaces. Therefore, one may ask which
correspondences there are between Higgs bundles from group homomorphism,
and which of those maps descend to correspondences between subgroups.
Through Definition 2.9, one can see that the map in (5.1) induces a map on
principal GC-Higgs bundles (PGC ,Φ) given by
(5.2) Ψ : (PGC ,Φ) 7→ (PGC ×Ψ G ′C,dΨ(Φ)),
where PG ′
C
:= PGC ×Ψ G ′C, and the image of the Higgs field is Φ ′ := dΨΦ for
dΨ : ad(PGC)→ ad(P ′GC)
defined by the derivative at the identity of the map Ψ.
5.1.1. Induced maps from isogenies. A first step towards tackling the above
question is to consider the case where the group homomorphism is given by the
isogenies of Lie groups, as we shall see next. Through correspondences between
low rank Lie algebras, one can discover some interesting relations between differ-
ent Higgs bundles. Some of the low rank isogenies between complex are
SO(3,C) ∼= Sp(2,C) ∼= SL(2,C);
SO(4,C) ∼= SL(2,C)× SL(2,C);
SO(5,C) ∼= Sp(4,C);
SO(6,C) ∼= SL(4,C).
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These correspondences induce maps between real Lie algebras, which can be
described as follows:
(a) so(2, 1) ∼= sl(2,R), (f) so(3, 3) ∼= sl(4,R),
(b) so(2, 2) ∼= sl(2,R)× sl(2,R), (g) so(2, 4) ∼= su(2, 2),
(c) so∗(4) ∼= su(2)× sl(2,R), (h) so(1, 5) ∼= su(4),
(d) so(1, 3) ∼= sl(2,C), (i) so(2, 3) ∼= sp(4,R).
(e) so(1, 4) ∼= sp(2, 2),
The rank 2 and 3 isogenies in (b) and (f) inducing maps between branes were
described in [29] through the regular fibres of the Hitchin fibration, whereas [97]
will take care of the correspondences in (c) and (d) between branes inside singular
fibres. All of the other correspondences have never been studied through spectral
data, and thus they provide a rich list of open questions one may ask. In what
follows, we shall give an overview of this area and the questions one may ask,
based on [29] and [97]. For further background, the reader may want to refer to
[7] where some further explanations about isogenies in terms of Higgs bundles
are given.
From (5.2), it is not hard to see that the correspondence between Higgs bundles
at the level of the vector bundle and Higgs field can be deduced naturally (see
[7, 29]). Recall that an SL(n,C)-Higgs bundle can be seen as is a pair (E,Φ) for
E a rank n holomorphic bundle on Σ with trivial determinant, and Φ a traceless
Higgs field. Moreover, an SO(n,C)-Higgs bundle can be written as a pair (E,Φ)
where E is a rank n holomorphic bundle on Σ with an orthogonal structure Q
and a compatible trivialization of its determinant bundle, where a trivialization
δ : det(E) ' OΣ is compatible with Q if δ2 agrees with the trivialization of (ΛnE)2
given by the discriminant Q : ΛnE → ΛnE∗, and the Higgs field Φ satisfies
Q(u,Φv) = −Q(Φu,w).
Proposition 5.3. The isogenies between Lie groups of rank 2 and 3 given by
I2 : SL(2,C)× SL(2,C)→ SO(4,C);
I3 : SL(4,C)→ SO(6,C);
induce maps on SL(2,C)-Higgs bundles and SL(4,C)-Higgs bundles given by
I2 : (E1,Φ1), (E2,Φ2) 7→ [E1 ⊗ E2,Φ1 ⊗ 1+ 1⊗Φ2] ∈MSO(4,C),
I3 : (E,Φ) 7→
[
Λ2E,Φ⊗ 1+ 1⊗Φ
]
∈MSO(6,C).
Proof. This follows directly from (5.1) and (5.2) applied to the particular GC-Higgs
bundles. 
Our interest is in the understanding of the maps described in Proposition 5.3
through spectral data. For this, one needs to study the correspondence between
eigenvalues of the Higgs field, giving the correspondence between spectral curves,
and between the eigenspaces, giving the line bundles on the spectral curves.
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In order to understand the relation between eigenvalues for Higgs bundles
through group homomorphisms, it is useful to recall that the characteristic poly-
nomial of a Higgs fieldΦ defines a curve in the total space of the canonical bundle
K whose equation can be obtained by considering
p(x) = xn + tr(Φ)xn−1 +
n−1∑
k=2
xn−k (−1)k Tr(ΛkΦ) + (−1)n det(Φ)
where Tr(ΛkΦ) is the trace of the kth exterior power of Φ, with dimension
(
n
k
)
,
as in (3.2) before.
As seen before, and explained in [61], the spectral curve pi : S → Σ associated
to an SL(n,C)-Higgs bundle (E,Φ) has equation
(5.4) S := {0 = det(Iη−Φ)} = {0 = ηn + a2ηn−2 + . . .+ an−1η+ an},
for ai ∈ H0(Σ,Ki), and η the tautological section of pi∗K. The spectral curve S is
generically smooth and the fiber over a generic point in the Hitchin base can be
identified with the Prym variety Prym(S,Σ).For a fixed choice of K1/2, the vector
bundle E is recovered from L ∈ Prym(S,Σ) as E := pi∗(L⊗ pi∗(K(n−1)/2)).
For SO(2n,C)-Higgs bundles, the Higgs fieldΦ defines a cover pi : S→ Σ given
by (5.4) where an = pn ∈ H0(Σ,Kn) is the Pfaffian of Φ. The curve is singular
at η = pn = 0, which are the fixed points of a natural involution σ : η 7→ −η.
The normalization pˆi : Sˆ → Σ of S, is what we shall refer to as the spectral curve.
This curve Sˆ is generically smooth, and the involution σ extends to an involution
σˆ which does not have fixed points. The generic SO(2n,C) fibers by a connected
component of Prym(Sˆ, Sˆ/σ). Similarly to the previous case, for a choice of K1/2,
the vector bundle E is recovered from L ∈ Prym(Sˆ, Sˆ/σ) as
E := pi∗(L⊗ (KSˆ ⊗ pi∗(K∗))1/2).
Through the above spectral data, together with the correspondence given in
Proposition 5.3, the isogenies induce the following map on the Hitchin fibrations
from [29, Theorem 1 & Theorem 2]. Moreover, the morphisms from Theorem 5.5
restrict to real (e.g. see Problems 16 and 17).
Theorem 5.5 ([29]). Consider two generic SL(2,C)-Higgs bundles (Ei,Φi), whose spec-
tral data is Si and Li ∈ Prym(Si,Σ). Then I2 is a 22g fold-covering onto its images and
the spectral data for the image I2((E1,Φ1), (E2,Φ2)) is given by (Sˆ4,L4) where
• Sˆ4 := S1 ×Σ S2 is a smooth ramified fourfold cover, and
• L4 := p∗1(L1)⊗ p∗2(L2) where pi : S1 ×Σ S2 → Si are the projection maps.
Moreover, for a generic SL(4,C)-Higgs bundle (E ′,Φ ′) with spectral data (S ′,L ′), the
SO(6,C)-Higgs bundle given by the image I3(E,Φ) has spectral data (Sˆ6, I3(L)), where
• Sˆ6 is the symmetrization of the non-diagonal component in S ′ ×Σ S ′;
• I3(L) is a canonical twist generated by local sections of L ′ := p∗1(L)⊗p∗2(L) that
are anti-invariant with respect to the symmetry of S ′ ×Σ S ′.
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It should be noted that the Higgs bundles considered in Theorem 5.5 lie all
within the generic fibres of the Hitchin fibration. However, the isogeny descends
to all the real forms of those complex Lie groups, and thus one should be able to
obtain the morphisms between real Higgs bundles which lie completely over the
singular locus of the Hitchin fibration. The first cases studied, which involve the
geometry of ribbons, appear in [97].
Remark 5.6. The approach of [29] was also of use when studying problems in
F-theory related to degenerations of elliptically fibred CY 3-folds as done in [4].
5.2. Polygons and Hyperpolygons. An interesting relation between mathemat-
ical objects appears when considering parabolic Higgs bundles (as defined in Sec-
tion 2.3) and quiver varieties (representation varieties of quivers, for which the
base manifold is a point), as studied in [77, 78] and subsequent work of many
researchers.
Definition 5.7. A quiver Q = (V ,A,h, t) is an oriented graph, consisting of a
finite vertex set V , a finite arrow set A, and head and tail maps h, t : A→ V .
Example 5.8. Quivers may be represented through oriented graphs, and an ex-
ample that will appear useful in coming sections is that of a star shaped quiver
as bellow, where the set of vertices is V = {v1, . . . , v3}, and the set of arrows is
A = {ai : vi → v0 | 1 6 i 6 3}:
•v1
a1

v3• a3 // •v0 •v2a2oo
Here, the head map is given by h(ai) = v0, and the tail map by t(ai) = vi.
The dimension vector ofQ is the (n+1)-tuple of positive integers d = (r, 1, . . . , 1),
and this vector determines Q uniquely as a star quiver. Moreover, quivers carry
naturally defined spaces of representations:
Rep(Q) =
n⊕
i=1
Hom(C,Cr) ∼= Hom(Cn,Cr) = Cn×r.
Of particular interest for us are star-shaped quivers Qn, with one central vertex
v0 and n outer vertices v0, . . . , vn and arrows ai : vi → v0, as the one in Example
5.8 which has n = 3. In what follows we shall consider fixed dimension vector
d = (r, 1, · · · , 1) ∈ Nn+1, and recall the value by writing the star-shaped quiver
as Qrn.
Remark 5.9. A representation of a quiver Q can also be written as
W := ((Wv)v∈V , (φa)a∈A)
where Wv is finite dimensional vector space; and φa :Wt(a) →Wh(a) is a linear
map for all a ∈ A.
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Similar to when working with parabolic Higgs bundles, one may define the
slope and stability conditions of quivers. For a stability parameter α := (αv)v∈V
in ZV , the α-slope of W is
µα(W) :=
∑
v∈V αv dimWv∑
v∈V dimWv
∈ Q.
Then, the representation W is said to be: α-semistable if µα(W ′) 6 µα(W) for all
sub-representation 0 6=W ′ ⊂W; α-stable if µα(W ′) < µα(W) for all subrepresen-
tations 0 6= W ′ ( W. There are natural notions of Jordan-Hölder filtrations (as
those considered in Section 2.9), and two α-semistable representations of Q are
said to be S-equivalent if their associated graded objects for their Jordan–Hölder
filtrations are isomorphic. For more details, the reader may refer, for example, to
[66] whose notation we will follow for most of this section.
Our interest in quiver varieties comes from their relation to vector bundles
and Higgs bundles which can be obtained, in particular, considering the space of
polygons and hyperpolygons (e.g., see [50] and the references therein).
The polygon space Mpoly(n, `) consisting of n-gons in the Euclidean space E3
with lengths given by ` = (`1, . . . , `n) modulo orientation-preserving isometries is
homeomorphic the moduli space of `-semistable n ordered points on P1 modulo
the automorphisms of the projective line (see [66] and references therein). More-
over, it is also isomorphic to a moduli space of representations of a star-shaped
quiver Q`n.
In order to define the moduli space of hyperpolygons, we shall consider a
quiver Q = (V ,A,h, t) and define the doubled quiver as Q := (V ,A,h, t) where
A = A∪A∗ for
A∗ := {a∗ : h(a)→ t(a)}a∈A.
Through the double quiver of a star shaped quiver, the authors of [42] constructed
the hyperpolygon spaces for any value of r, which are the hyperkähler analogues
of polygon spaces (see references therein for previous work appearing in a less
general manner).
r r
1
1
1
1
1
1
1
1
1
1
1
1
1
1
· · · · · ·
Figure 5.10. Left, the quiver whose moduli of representations
is given by polygon space; Right, the doubled quiver used to
construct hyperpolygon space.
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Carrying on with the work of [42], through the natural action of the group
G := P(U(r) × (S1)n) on the star-shaped quivers in Figure 5.10, there are two
natural moment maps for the action of G on T∗Rep(Q) whose scalar multiples
can be written as follows:
Real moment map µr(x,y) = ((xx∗ − y∗y)0, |x1|2 − |y1|2, . . . , |xn|2 − |yn|2)
Complex moment map µc(x,y) = ((xy)0,y1x1, . . . ,ynxn)
for (·)0 the trace-free part of a matrix. The polygon space Prn(α) is the symplectic
quotient
Prn(α) = Rep(Q)//αG.
Similarly, the hyperpolygon space Xrn(α) can be defined be the hyperkähler quotient
Xrn(α) = T
∗Rep(Q)///(α,0)G.
Nakajima showed that polygon and hyperpolygon spaces are examples of Käh-
ler and hyperkähler quiver varieties, which can be then used to understand par-
abolic Higgs bundles. Although relations between quiver varieties and parabolic
Higgs bundles have been long studied, many interesting problems are still open.
Building on a natural analogy between hyper-kähler versions of moduli spaces
of semistable n-gons in complex projective space and certain parabolic Higgs
bundles, Rayan and Fisher identified in [42] the spaces Xrn(α) with degenerate
Hitchin systems: for a hyperpolygon (x,y) in Xrn(α), and D =
∑n
i=1 pi a fixed
divisor on Σ for which no two pi are the same, a Higgs field on P1 with vector
bundle E = Cr ×P1 is given by
φ(z) =
n∑
i=1
φidz
z− pi
,
for z an affine coordinate on P1, and where φi = xiyi. More precisely, for
parabolic SL(n,C)-Higgs bundle, one has the following general result (see [42,
Section 4] for a clear explanation of how parabolic Higgs bundles correspond to
hyperpolygons):
Theorem 5.11 ([42]). The space Xrn(α) may be identified with a moduli space of rank
r parabolic Higgs bundles on P1, such that the residue at each marked point lies in the
closure of the minimal nilpotent orbit of slr, and whose underlying bundle is trivial.
Moreover, under the identification above as shown in [42] there is a natural
Hitchin map whose base is an affine space of half the total dimension of hyper-
polygon space.
Remark 5.12. The mathematical construction of the above general hyperpoly-
gon spaces should lead to interesting applications in string theory. In particular,
from [4], these quivers can be generated by an intersecting brane configuration
in F-theory. The central node corresponds to the contribution from the 7-brane
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wrapped over the gauge theory curve, and the satellite nodes to the flavour branes
of the system.
5.3. Langlands duality. A final correspondence between subspaces of the mod-
uli space of GC-Higgs bundle comes from Langlands duality. One of the main
reasons for considering branes is the connection to mirror symmetry and the geo-
metric Langlands program. For LGC the Langlands dual group of GC, there is a
correspondence between invariant polynomials for GC and LGC giving an iden-
tification AGC ' ALGC of the Hitchin basis. The two moduli spaces MGC and
MLGC are then torus fibrations over a common base and their non-singular fibres
are dual abelian varieties [40]. Kapustin and Witten give a physical interpreta-
tion of this in terms of S-duality, using it as the basis for their approach to the
geometric Langlands program [69].
In this approach a crucial role is played by the various types of branes and their
transformation under mirror symmetry. Langlands duality exchanges branes’
types according to
(B,B,B)↔ (B,A,A),
(A,B,A)↔ (A,B,A),
(A,A,B)↔ (A,A,B),
but the exact correspondence is not yet known. Moreover, by studying branes of
Higgs bundles through the Hitchin fibration, one may consider a Fourier-Mukai
type transform to obtain the duality in terms of subspaces of the dual fibres, and
there are a few things one can say about the branes constructed in Chapter 4 and
Langlands duality:
• 3-manifold branes. Recall that there is a natural (A,B,A)-brane obtained
in [17] as fixed points of i2(∂¯A,Φ) = (f∗(∂A), f∗(Φ∗))where f : Σ → Σ is
a real structure on Σ, and ρ is the compact real form of GC. By means
of the compact form Lρ of the Langlands dual group, these spaces have a
corresponding involution on MLGC given by
Li2(∂¯A,Φ) = (f∗(∂A), f∗(Φ∗)) = (f∗(Lρ(∂¯A)),−f∗(Lρ(Φ))),
whose fixed point set in MLGC is conjectured in [17] to be the dual brane
(for details see also [90, Conjecture 1]).
• Pseudo-real Higgs bundles. As seen in [17], pseudo-real Higgs bundles
in MGC form an (A,A,B)-brane and can be seen as the fixed point set
of the involution i3(∂¯A,Φ) = (f∗σ(∂¯A), f∗σ(Φ)), for σ a real form of the
complex Lie group GC. In this case, it is conjectured in [17] that the dual
brane is the fixed point set of a corresponding involution defined as
Li3(∂¯A,Φ) = (f∗σˆ(∂¯A), f∗σˆ(Φ)),
for a real structure σˆ on LGC which is conjectured to be the Nadler dual
of σ (see below for details).
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• Hyperpolygon spaces. The branes arising in terms of quivers may carry
group structures, and Langlands duality can be considered for them. Some
general results about duality between branes arising through quivers rep-
resentations appear in [66], and geometric properties of hyperpolygon
branes in the spirit of [17] appear in [85].
One of the most interesting cases of Langlands duality for branes of Higgs
bundles appears when considering the (B,A,A)-brane of real Higgs bundles
MG ⊂ MGC , corresponding to real surface group representations of the com-
pact Riemann surface Σ. Recall that these branes can be seen through the Cartan
involution θ of a real form G of Gc, as the fixed point set of the involution
i1(∂¯A,Φ) = (θ(∂¯A),−θ(Φ)).
The dual MLG ⊂L MLGC must be of type (B,B,B), a submanifold which is com-
plex with respect to I, J,K, supporting a hyperholomorphic sheaf. From [17], the
proposed dual brane should be taken as follows (for details see also [90, Conjec-
ture 2]):
Conjecture 5.13. The support of the dual brane to the fixed point set of i1 is the moduli
space MHˇ ⊂ MLGc of Hˇ-Higgs bundles for Hˇ the group associated to the Lie algebra hˇ
appearing in [76, Table 1].
Whilst the above conjecture has not been proven yet, a lot of work as appeared
in different directions with progress towards it. In what follows we shall mention
some of this work
• Branes with non-abelian data. As mentioned before, the (B,A,A)-branes
of SL(m,H), SO(2n,H) and Sp(2m, 2m)-Higgs bundles were shown to
have non-abelian intersection with the Hitchin fibration [64]. The dual-
ity for these branes was studied in Branco’s DPhil thesis recently, where
the geometry of the whole singular fibres containing these branes was
described before obtaining the dual spaces [30].
• Quasi split real forms. The intersection of the (B,A,A)-brane of U(m,m)-
Higgs bundles with the regular fibres of the Hitchin fibration was studied
in [91], and through this description a candidate for the dual brane, agree-
ing with Conjecture 5.13, is presented in [65]. Moreover, for m = 1, fur-
ther support of the conjecture using cohomology classes and topological
invariants recently appeared in [99].
• Split real forms. In the case of a split real form G of GC, it is shown in [89,
Theorem 4.12] that the (B,A,A)-brane obtained through the involution i1
lies over the Hitchin base as 2-torsion points, and hence a 0-dimensional
space in each fibre. The explicit description of the branes (as well as the
monodromy action for most of the classical split real groups [12,16,88,89])
should present a good starting point to study mirror symmetry, noting the
similarities with the case studied by Hitchin in [65].
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5.4. Problem set IV. This problem set is meant to make the reader be acquainted
with the space of polygons and hyperpolygons, and their interpretation in terms
of Higgs bundles. Moreover, the reader will find the problems helpful to un-
derstand the different correspondences between Lie groups and their induced
correspondences between Hitchin systems.
Problem 16. Isogenies. To understand the tensor product of an SL(4,R)-Higgs
bundles with itself, start with an SL(4,R)-Higgs bundle (E,ϕ) where E has rank
4 and trivial determinant, and Φ is trace free and symmetric with respect to a
local frame {e1, . . . , e4}. Then the Higgs field on E⊗ E is
Φ = ϕ⊗ I+ I⊗ϕ.
i. Recall that for any vector bundle V of rank n, and for all k < n, there is
an isomorphism
Λk(V∗)⊗Λn(V) −→ Λn−k(V) .
Which structure arises when considering n = 4, k = 2, the determinant
Λ4V ' O, and such that V has an orthogonal structure given by an iso-
morphism q : V ' V∗.
ii. With respect to the local frame for
E⊗ E = Λ2E⊕ Sym2(E),
how does the restriction of Φ to Λ2E look like? does it have the structure
of a G-Higgs field for some real group G?
iii. Compute how the whole Higgs fieldΦ looks like with respect to the frame
in Problem 16.ii., this is, with respect to
{ei ∧ ej |i < j}∪ {ei ⊗ ei |i = 1, 2, 3, 4}∪ {ei ⊗ ej + ej ⊗ ei |i < j}.
Problem 17. Isogenies. If the homomorphism Ψ from (5.2) restricts to a map
between real forms which respects the Cartan decompositions of the Lie algebras,
then it induces a map between real Higgs bundles. Considering the morphisms
between complex groups, calculate the following:
i. Show what the isogeny between SL(4,C) and SO(6,C) implies when con-
sidered over real symplectic Higgs bundles, this over pairs (E,ϕ) where
the bundle is V ⊕ V∗ and the Higgs field has symmetric entries
ϕ =
(
0 β
γ 0
)
.
ii. What are the relations between the eigenvalues of an SL(4,R)-Higgs bun-
dle and those of an SO(3, 3)-Higgs bundle obtained thought the isogeny
between complex Lie groups?
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Problem 18. Polygons. We say that n ordered points (p1, . . . ,pn) on P1 are r-
semistable if, for all p0 ∈ P1 one has that∑
i | pi=p0
ri 6
∑
i | pi 6=p0
ri
i. Show that the moduli space of r-semistable n ordered points on P1 mod-
ulo the automorphisms of the projective line moduli space can be con-
structed via GIT as a quotient of the SL2-action on (P1)n with respect to
an ample linearisation associated to the weights (e.g. see [66, Section 5.2])
ii. Describe the space of representations corresponding to polygon space for
a fixed star shaped quiver and values of d,n.
iii. Show that every automorphism of the star shaped quiver Qn must fix v0,
so textrmAut(Qn) = Aut+(Qn) ∼= Sn.
iv. Construct two subgroups of Aut(Qn) and describe their actions on Qn,
as well as the quotient quivers under those group actions.
Problem 19. Hyperpolygons. Consider the quiver Q given by 1•
x
((•2
y
hh
i. For σ the covariant involution which sending the vertex 1 to the vertex
2, and sending the arrow x to the arrow y, when is d = (d1,d2) the
dimension vector σ-compatible in the sense of [66]?
ii. Encode the information of a GC-Higgs bundle (E,Φ) on P1 within the
above quiver, for some particular complex or real Lie group GC.
iii. In terms of hyperpolygons, describe the moduli space of parabolic Higgs
bundles associated to Example 5.8 and its hyperkähler structure?
Problem 20. Hyperpolygons. Having seen how polygons and hyperpolygons
can be understood in terms of Higgs bundles, consider the framed Jordan quiver
J := 1•
b
YY
a

x
22 •l(1)
y
tt
i. Give an expression of the real and complex moment maps (up to scale)
associated to such quivers following [42].
ii. Let σ : J → J be the involution of the Jordan quiver which exchanges the
vertices, and exchanges the arrows. Through the induced action on the
moduli space, give a description of the fixed point set.
iii. As mentioned before, the space of hyperpolygons studied in the previous
sections inherits a hyperkähler structure and thus one may consider three
fixed complex structures and their associated symplectic forms, and how
these relate to a given subspace. Following [66] and [85], decide whether
the fixed point set in Problem 19.ii. is a brane, and if so, give its type.
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